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Abstract
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1 Introduction
Aweakly dicomplemented lattice is an algebra (L,∧,∨,△ ,▽ , 0, 1) of type (2, 2, 1, 1, 0, 0) such that (L,∧,∨, 0, 1)
is a bounded lattice and, △ and ▽ are two unary operations on L called weak complementation and dual
weak complementation, and satisfy for all x, y ∈ L the following equations1:
(1) x△△ ≤ x,
(2) x ≤ y =⇒ x△ ≥ y△,
(3) (x ∧ y) ∨ (x ∧ y△) = x,
(1’) x▽▽ ≥ x,
(2’) x ≤ y =⇒ x▽ ≥ y▽,
(3’) (x ∨ y) ∧ (x ∨ y▽) = x.
The pair (△,▽ ) is called a weak dicomplementation on L, the structure (L,∧,∨,△ , 0, 1) a weakly com-
plemented lattice and (L,∧,∨,▽ , 0, 1) a dual weakly complemented lattice. Any bounded lattice can be
endowed with a trivial weak complementation defined by: x△ = 1 whenever x 6= 1 and 1△ = 0. The trivial
dual weak complementation is defined dually. A weak complementation △ (resp. dual weak complementation
▽) is said to be nontrivial if there is x such that x ‖ x△ (resp. x ‖ x▽).
Weakly dicomplemented lattices generalize Boolean algebras. In fact if (L,∧,∨,¬ , 0, 1) is a Boolean algebra,
then (L,∧,∨,¬ ,¬ , 0, 1) is a weakly dicomplemented lattice. In general, if X is a set and c a closure operator
on P(X), then the set of closed subsets of X forms a lattice and the operation cA 7→ c(X \ cA) is a weak
complementation on the lattice of c-closed subsets of X . Dually, if k is a kernel operator on P(X), then
kB 7→ k(X \ kB) is a dual weak complementation. Additional examples can be found in [8].
Weakly dicomplemented lattices arise as abstraction of concept algebras, introduced by Rudolf Wille when
modelling negation on concept lattices [10]. To define concept algebras, we start with the notion of formal
concept. Let K := (G,M, I) be a binary relation (called formal context). A derivation operation ′ is defined
for A ⊆ G, B ⊆M as follows:
A′ := {m ∈M | aIm, for all a ∈ A} and B′ := {g ∈ G | gIb, for all b ∈ B}.
1Note that x△△ ≤ x ⇐⇒ x△△ ∨ x = x and x▽▽ ≥ x ⇐⇒ x▽▽ ∧ x = x; thus conditions (1) and (1’) can be written as
equations. For (2) and (2’), we have x ≤ y =⇒ x△ ≥ y△ is equivalent to (x∧ y)△ ∧ y△ = y△ and x ≤ y =⇒ x▽ ≥ y▽ equivalent
to (x ∧ y)▽ ∧ y▽ = y▽.
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A formal concept is a pair (A,B) with A ⊆ G,B ⊆M,A′ = B and B′ = A. We call A the extent and B the
intent of the concept (A,B). The pair (′,′ ) forms a Galois connection between (P(G),⊆) and (P(M),⊆). We
denote by B(K) the set of all formal concepts of K. It forms a complete lattice, when ordered by the relation
(A,B) ≤ (C,D) :⇐⇒ A ⊆ C (or equivalentlyB ⊇ D).
Each concept is uniquely determined by its extent or its intent. To model the negation, two operations:
(A,B)△ := ((G \A)′′, (G \A)′)weak negation and (A,B)▽ := ((M \B)′, (M \B)′′)weak opposition
are defined. The concept algebra of a formal context K is the structure A :=
(
B(K),∧,∨, 0, 1,△ ,▽
)
.
In our project Reticulations of Concept Algebras, the goal is to apply the reticulation construction to weakly
dicomplemented lattices, hoping to get a better insight on these structures. Let A be an algebra. We denote by
Con(A) the lattice of congruences of A. The reticulation of an algebra A, if it exists, is a bounded distributive
lattice L(A) whose prime spectrum of filters or ideals is homeomorphic to the prime spectrum of congruences
of A, as topological spaces endowed with the Stone topologies. To construct reticulations, we therefore need to
determine the congruences. For lattices which have only the trivial dicomplementation, the congruence lattice
of its weakly dicomplemented structure is very close to the congruence lattice of its lattice reduct. To start our
investigation we concentrate on such lattices. In [7, Corollary 4.3.4] it was shown that a finite lattice can only
bear a the trivial weak complementation if and only if for any pair {m,n} of meet irreducible elements of L,
there is a join irreducible element g of L such that such that g  m and g  n. In this notes revisit this result,
emphasizing on ordinal and horizontal sums, along with their with congruences. To get the congruences of larger
classes, we will also revisit a result on concept lattice congruences that preserve weak negation.
2 Preliminaries
We will designate all algebras by their underlying sets. By trivial algebra we mean one–element algebra. Recall
that a variety V of similar algebras is said to be semi–degenerate iff no nontrivial member of V has trivial
subalgebras. We denote by N the set of the natural numbers and by N∗ = N \ {0}.
•
∪ will be the disjoint
union. For any set M , |M | denotes the cardinality of M and P(M) denotes the power set of M ; Part(M) and
(Eq(M),∩,∨,=M ,M2) will be the complete lattices of the partitions and the equivalences on M , respectively,
where Eq(M) is ordered by the set inclusion, while the order ≤ of Part(M) is given by: for any pi, ρ ∈ Part(M),
pi ≤ ρ iff every class of ρ is a union of classes from pi, and eq : Part(M) → Eq(M) will be the canonical lattice
isomorphism. If {M1, . . . ,Mn} ∈ Part(M) for some n ∈ N∗, then eq({M1, . . . ,Mn}) will be streamlined to
eq(M1, . . . ,Mn). We will use Gra¨tzer’s notation for the lattice operations [4].
Let V be a variety of algebras of a similarity type τ , C a class of algebras with reducts in V and A and B
algebras with reducts in V. Then SV(C) will denote the class of the subalgebras of the τ–reducts of the members
of C, and SV({A}) will simply be denoted SV(A). We will abbreviate by A ∼=V B the fact that the τ–reducts of
A and B are isomorphic. ConV(A) will be the complete lattice of the congruences of the τ–reduct of A, and,
for any n ∈ N∗ and any constants κ1, . . . , κn from τ , we denote by ConVκ1,...,κn(A) = {θ ∈ ConV(A) | (∀ i ∈
[1, n]) (κAi /θ = {κi})}, which is a complete sublattice of ConV(A) and thus a bounded lattice, according to the
straightforward consequence [3, Lemma 2.(iii)] of [5, Corollary 2,p.51]. Recall that A is subdirectly irreducible
in V iff =A is strictly meet–irreducible in the bounded lattice ConV(A). If V is the variety of (bounded) lattices,
then the index V will be eliminated from the notations above.
For any poset (P,≤), Min(P ) and Max(P ) will be the set of the minimal elements and that of the maximal
elements of (P,≤), respectively.
For any (bounded) lattice L, ≺ will denote the cover relation of L, Ld will be the dual of L and, if L has a 0,
then the set of the atoms of L will be denoted by At(L), while, if L has a 1, then the set of the coatoms of L will
be denoted by CoAt(L). For any a, b ∈ L, we denote by [a, b]L = [a)L ∩ (b]L the interval of L bounded by a and
b; we eliminate the index L from these notations if L is N endowed with the natural order. Note that a lattice
congruence of L is complete iff all its classes are intervals. We denote by Concplt(L) the bounded sublattice of
Con(L) consisting of the complete lattice congruences of L. Ji(L), Sji(L), Mi(L) and Smi(L) will be the sets
of the join–irreducible, strictly join–irreducible, meet–irreducible and strictly meet–irreducible elements of L,
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respectively. For any a ∈ Smi(L), we will denote the unique successor of a in L by a+, or by a+L if the lattice
L needs to be specified; similarly, for any b ∈ Sji(L), we denote by b− or b−L the unique predecessor of b in L.
For all n ∈ N∗, we denote by Cn the n–element chain.
Let L be a lattice with top element 1L and M be a lattice with bottom element 0M . Recall that the
ordinal sum of L with M is the lattice obtained by stacking M on top of L and glueing the top element of
L together with the bottom element of M . For the rigorous definition, we consider the equivalence on the
disjoint union of L with M that only collapses 1L with 0M : ε = eq({{1L, 0M}} ∪ {{x} | x ∈ (L \ {1L})
•
∪
(M \ {0M})}) ∈ Eq(L
•
∪ M). Since ε ∩ L2 = =L ∈ Con(L) and ε ∩M2 = =M ∈ Con(M), we can identify
L with L/ε and M with M/ε by identifying x with x/ε for every x ∈ L
•
∪ M . Now we define the ordinal
sum of L with M to be the lattice L ⊕M = (L ⊕M,≤L⊕M ), where L ⊕M = (L
•
∪ M)/ε, which becomes
L ∪M with the previous identification, and ≤L⊕M=≤L ∪ ≤M ∪{(x, y) | x ∈ L, y ∈ M}. Of course, L ⊕M
becomes a bounded lattice iff L and M are bounded lattices. For any α ∈ Eq(L) and any β ∈ Eq(M),
we denote by α ⊕ β = eq((L/α \ {1L/α}) ∪ (M/β \ {0M/β}) ∪ {{1L/α ∪ 0M/β}}) ∈ Eq(L ⊕ M); clearly,
α⊕β ∈ Con(L⊕M) iff α ∈ Con(L) and β ∈ Con(M), and the map (α, β) 7→ α⊕β is a lattice isomorphism from
Con(L×M) ∼= Con(L)× Con(M) to Con(L ⊕M). Clearly, the operation ⊕ on bounded lattices is associative,
and so is the operation ⊕ on the congruences of such lattices or the equivalences of their underlying sets.
Now let L and M be nontrivial bounded lattices. Recall that the horizontal sum of L with M is the
nontrivial bounded lattice obtained by glueing the bottom elements of L and M together, glueing their top
elements together and letting all other elements of L be incomparable to every other element of M . For the
rigorous definition, we consider the equivalence on the disjoint union of L withM that only collapses the bottom
element of L with that ofM and the top element of L with that ofM : ε = eq({{0L, 0M}, {1L, 1M}}∪{{x} | x ∈
(L \ {0L, 1L})
•
∪ (M \ {0M , 1M})}) ∈ Eq(L
•
∪ M). Since ε ∩ L2 = =L ∈ Con(L) and ε ∩M2 = =M ∈ Con(M),
we can identify L with L/ε and M with M/ε by identifying x with x/ε for every x ∈ L
•
∪ M . Now we define
the horizontal sum of L with M to be the nontrivial bounded lattice L ⊞M = (L ⊞M,≤L⊞M , 0L⊞M , 1L⊞M ),
where L⊞M = (L
•
∪M)/ε = L∪M in view of the previous identification, ≤L⊞M=≤L ∪ ≤M , 0L⊞M = 0L = 0M
and 1L⊞M = 1L = 1M . For any α ∈ Eq(L) \ {L2} and any β ∈ Eq(M) \ {M2}, we denote by α ⊞ β =
eq((L/α \ {0/α, 1/α}) ∪ (M/β \ {0/β, 1/β})∪ {{0/α ∪ 0/β, 1/α ∪ 1/β}}) ∈ Eq(L⊞M) \ {(L⊞M)2}.
Note that the horizontal sum of nontrivial bounded lattices is commutative and associative, it has C2 as a
neutral element and it can be generalized to arbitrary families of nontrivial bounded lattices. The operation
⊞ on proper equivalences of those bounded lattices is commutative and associative, as well. The five–element
modular non–distributive lattice isM3 = C3⊞C3⊞C3 and the five–element non–modular lattice is N5 = C3⊞C4.
For any nonzero cardinality κ, the modular latticeMκ of length 3 with κ atoms is the horizontal sum of κ copies
of the three–element chain.
3 The Algebras We Are Working With
Definition 3.1. Let (L,∧,∨, 0, 1) be a bounded lattice and ·∆, ·∇ be unary operations on L.
The algebra (L,∧,∨, ·∆, 0, 1) is called a weakly complemented lattice iff the unary operation ·∆ is order–
reversing and, for all x, y ∈ L, x∆∆ ≤ x and (x ∧ y)∨ (x ∧ y∆) = x. In this case, the operation ·∆ is called weak
complementation on the bounded lattice L.
The algebra (L,∧,∨, ·∇, 0, 1) is called a dual weakly complemented lattice iff the unary operation ·∇ is order–
reversing and, for all x, y ∈ L, x ≤ x∇∇ and (x ∨ y) ∧ (x ∨ y∇) = x. In this case, the operation ·∇ is called dual
weak complementation on L.
The algebra (L,∧,∨, ·∆, ·∇, 0, 1) is called a weakly dicomplemented lattice iff (L,∧,∨, ·∆, 0, 1) is a weakly
complemented lattice and (L,∧,∨, ·∇, 0, 1) is a dual weakly complemented lattice. In this case, the pair (·∆, ·∇)
is called weak dicomplementation on L.
If L is a bounded lattice, ·∆ is a weak complementation and ·∇ is a dual weak complementation on L,
then the abbreviated notations (A, ·∆), (A, ·∇) and (A, ·∆, ·∇) will designate the weakly complemented lattice
(A,∧,∨, ·∆, 0, 1), the dual weakly complemented lattice (A,∧,∨, ·∇, 0, 1), and the weakly dicomplemented lattice
(A,∧,∨, ·∆, ·∇, 0, 1), respectively.
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We denote by BA, WCL, WDCL and WDL the varieties of Boolean algebras, weakly complemented lattices,
dual weakly complemented lattices and weakly dicomplemented lattices, respectively.
It is immediate that any L ∈WCL satisfies the identities: 0∆ ≈ 1, 1∆ ≈ 0, x∨x∆ ≈ 1 and (x∧y)∆ ≈ x∆∨y∆,
as well as the quasiequations: x∆ ≈ 0→ x ≈ 1 and x ∧ y ≈ 0→ x∆ ≥ y.
Dually, any L ∈WDCL satisfies the identities: 0∇ ≈ 1, 1∇ ≈ 0, x ∧ x∇ ≈ 0 and (x ∨ y)∇ ≈ x∇ ∧ y∇, as well
as the quasiequations: x∇ ≈ 1→ x ≈ 0 and x ∨ y ≈ 1→ x∇ ≤ y.
Additionally, any L ∈WDL satisfies: x∇ ≤ x∆.
Clearly, BA ⊆ WCL ∩WDCL, because the Boolean complementation of any Boolean algebra A is a weak
complementation, as well as a dual weak complementation on A, hence BA can be considered as a subvariety of
WDL with an extended signature, by endowing each Boolean algebra with a second unary operation equalling
its Boolean complementation. Moreover, from the above it is easy to notice that, in a weakly dicomplemented
lattice L, the weak complementation coincides with the weak dicomplementation iff L is a Boolean algebra
and each of these operations coincides with the Boolean complementation of L. Hence BA with the extended
signature is exactly the subvariety of WDL axiomatized by x∆ ≈ x∇.
If A is a Boolean algebra, then we will always consider the weak complementation and dual weak comple-
mentation on A that equal its Boolean complementation, unless mentioned otherwise. Note that, with these
operations, we have ConWDL(A) = ConWCL(A) = ConWDCL(A) = ConBA(A) = Con(A).
Let us notice that any bounded lattice L can be organized as a weakly complemented lattice by endowing
it with the trivial weak complementation: x∆ = 1 for all x ∈ L \ {1}, and it can be organized as a dual weakly
complemented lattice by endowing it with the trivial dual weak complementation: x∇ = 0 for all x ∈ L\{0}, hence
it can be organized as a weakly dicomplemented lattice by endowing it with the trivial weak dicomplementation:
(·∆, ·∇), where ·∆ is the trivial weak complementation and ·∇ is the trivial dual weak complementation on L.
Since WDL  {x ∧ y ≈ 0→ x∆ ≥ y, x ∨ y ≈ 1→ x∇ ≤ y}, it clearly follows that, for any cardinality κ ≥ 3,
the bounded lattice Mκ can only be endowed with the trivial weak dicomplementation.
Of course, for any L ∈ WDL, if we consider its reducts from WCL and WDCL, then ConWDL(L) =
ConWCL(L) ∩ConWDCL(L). It is routine to prove that a lattice congruence of a bounded lattice L preserves the
trivial weak complementation on L iff its 1–class is a singleton and, dually, it preserves the trivial dual weak com-
plementation on L iff its 0–class is a singleton, therefore, if we endow L with the trivial weak complementation and
the trivial dual weak complementation, then ConWCL(L) = Con1(L)∪{L
2} and ConWDCL(L) = Con0(L)∪{L
2},
so that ConWDL(L) = Con01(L) ∪ {L2}.
Clearly, the trivial weak complementation is the (pointwise) largest weak complementation on L, while the
trivial dual weak complementation is the (pointwise) smallest dual weak complementation on L. If (·∆1, ·∇1)
and (·∆2, ·∇2) are weak dicomplementations on a bounded lattice L, then we say that (·∆1, ·∇1) is smaller than
(·∆2, ·∇2) iff ·∆1 is pointwise smaller than ·∆2 and ·∇1 is pointwise larger than ·∇2. According to this definition,
the trivial weak dicomplementation is the largest weak dicomplementation on any bounded lattice.
As mentioned in Section 1, the basic example of a weakly dicomplemented lattice is the canonical concept
algebra associated to a context. A context is a triple (G,M, I), where G and M are sets and I ⊆ G ×M is a
binary relation; the elements of G are called objects, and elements of M are called attributes. For every A ⊆ G
and every B ⊆ M , we denote by:
{
A′ = {m ∈M | (∀ a ∈ A) (aIm)},
B′ = {g ∈ G | (∀ b ∈ B) (gIb)}.
. The operations ·′ : P(G) → P(M)
and ·′ : P(M) → P(G) are called derivation of objects and of attributes, respectively. The concept algebra
associated to the context (G,M, I) is the weakly dicomplemented lattice (B(G,M, I),∧,∨, ·∆, ·∇, 0, 1), where:
(B(G,M, I) = {(A,B) | A ⊆ G,B ⊆M,A′′ = A,B′′ = B},∧,∨) is a lattice ordered by: ≤= {((A,B), (C,D)) ∈
B(G,M, I)2 | A ⊆ C,B ⊇ D}, with first element 0 = (∅′′,M) and last element 1 = (G,G′), endowed with the
weak complementation defined by (A,B)∆ = ((G \ A)′′, (G \ A)′) and the dual weak complementation defined
by (A,B)∇ = ((M \B)′, (M \B)′′) for all (A,B) ∈ B(G,M, I).
A subcontext of a context (G,M, I) is a triple (H,N,E) with H ⊆ J , N ⊆ M and E = I ∩ (H × N). A
subcontext (H,N,E) of (G,M, I) is said to be compatible iff, for all (A,B) ∈ B(G,M, I), we have (A∩H,B∩N) ∈
B(H,N,E). Clearly, if (H,N,E) is a compatible subcontext of (G,M, I) and (K,P, F ) is a compatible subcontext
of (H,N,E), then (K,P, F ) is a compatible subcontext of (G,M, I).
Let J , M be subsets of a lattice L and (H,N,≤) a subcontext of the context (J,M,≤). We define the binary
relations րJ,M ,ցJ,M⊆ J ×M by: for any h ∈ J and n ∈M :
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• hրJ,M n iff n ∈Max{x ∈M : h  x}
• nցJ,M h iff h ∈Min{x ∈ J : x  n}
By [1], (H,N,≤) is a compatible subcontext of (J,M,≤) iff (H,N) is arrow–closed, i.e. closed w.r.t. րJ,M
and ցJ,M , i.e., for all h ∈ J and all n ∈M :
• if h ∈ H and hրJ,M n, then n ∈ N ;
• if n ∈ N and nցJ,M h, then h ∈ H .
Whenever J is a join–dense subset and M is a meet–dense subset of a complete lattice L, we have L ∼=
B(J,M,≤), because the map ϕL,J,M : L → B(J,M,≤), defined by ϕL,J,M (x) = (J ∩ (x]L,M ∩ [x)L) for all
x ∈ L, is a lattice isomorphism. In this case, L can be endowed with the weak dicomplementation (·∆J , ·∇M )
defined by x∆J =
∨
(J \ (x]L) and x∇M =
∧
(M \ [x)L) for all x ∈ L. Note that the subsets J ∪ {0} and J \ {0}
of L are also join–dense, the subsets M ∪{1} and M \ {1} of L are also meet–dense, ·∆J = ·∆(J∪{0}) = ·∆(J\{0}),
·∇M = ·∇(M∪{1}) = ·∇(M\{1}) and, for every H ∈ {J, J ∪ {0}, J \ {0}} and every N ∈ {M,M ∪ {1},M \ {1}},
ϕL,J,M = ϕL,H,N , thus, furthermore, since this map is a weakly dicomplemented lattice isomorphism, the canon-
ical weakly dicomplemented lattices B(J,M,≤) and B(H,N,≤) coincide. We say that a weak complementation
·∆, respectively of a dual weak complementation ·∇ on L is representable iff ·∆ = ·∆J for some join–dense subset
J of L, respectively ·∇ = ·∇M for some meet–dense subset M of L; we say that a weak dicomplementation
(·∆, ·∇) on L is representable iff ·∆ and ·∇ are representable. Clearly, the trivial weak dicomplementation on L
is representable, since it equals (·∆L, ·∇L).
In particular, if L is a complete dually algebraic lattice, then Sji(L) is join–dense in L, thus so is Ji(L),
hence L ∼= B(Sji(L), L,≤) ∼= B(Ji(L), L,≤), so that L can be endowed with the weak complementation ·∆Ji(L),
as well as the weak complementation ·∆Sji(L). Dually, if L is an algebraic lattice, then Smi(L) is meet–dense in
L, thus so is Mi(L), hence L ∼= B(L, Smi(L),≤) ∼= B(L,Mi(L),≤), which can be endowed with the dual weak
complementations ·∇Mi(L) and ·∇Smi(L).
If a lattice L is complete, algebraic and dually algebraic, then Sji(L) is join–dense in L and Smi(L) is
meet–dense in L, therefore L ∼= B(Sji(L), Smi(L),≤), that can be endowed with the weak dicomplementation
(·∆Sji(L), ·∇Smi(L)), which, according to [2, p.236], is the smallest weak dicomplementation on L. Consequently, L
has nontrivial weak complementations iff ·∆Sji(L) is nontrivial, and L has nontrivial dual weak complementations
iff ·∇Smi(L) is nontrivial.
In particular, if L is a finite lattice, then L ∼= B(Ji(L),Mi(L),≤) and the smallest weak dicomplementation
on L is (·∆Ji(L), ·∇Mi(L)), so that L has nontrivial weak complementations iff ·∆Ji(L) is nontrivial, and L has
nontrivial dual weak complementations iff ·∇Mi(L) is nontrivial.
Now let L be a bounded lattice and J , M subsets of L. We consider the following condition:
¬sg∆(L, J,M) : (∃m,n ∈M) (J ⊆ (m]L ∪ (n]L)
Clearly, if
∨
J exists in L, in particular if J is finite, then condition ¬sg∆(L, J,M) implies: ¬sg∆(L, {
∨
J},M) :
(∃m,n ∈ M) (
∨
J ∈ (m ∨ n]L). Hence, if, furthermore, 1 /∈ M and
∨
J = 1, in particular if J is join–dense in
L, then ¬sg∆(L, J,M) is equivalent to:
(∃m,n ∈M) (m 6= n and J ⊆ (m]L ∪ (n]L)
If L is a complete algebraic and dually algebraic lattice, then, by the above, the smallest weak dicomplementa-
tion on L is of the form (·∆J , ·∇M ) for the join–dense subset J = Sji(L) and the meet–dense subset M = Smi(L)
of L, therefore:
• L has nontrivial weak complementations iff condition ¬sg∆(L, Sji(L), Smi(L)) is satisfied.
In particular, if L is a finite lattice, then:
• L has nontrivial weak complementations iff condition ¬sg∆(L, Ji(L),Mi(L) \ {1}) is satisfied.
And, of course, dually for the dual weak complementations. All the following results on weak complemen-
tations involving condition ¬sg∆(L, J,M) can be dualized, using condition ¬sg∆(Ld, J,M) in results on dual
weak complementations.
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4 Weak Dicomplementations on Ordinal Sums
Throughout this section, K, L andM will be nontrivial bounded lattices and we will consider the ordinal sums of
bounded lattices A = L⊕M , with L∩M = {c}, and B = L⊕K⊕M . We also consider weak dicomplementations
on A and B, which we denote in the same way: (·∆, ·∇).
Remark 4.1. Since the lattice M is nontrivial and A satisfies x ∨ x∆ ≈ 1, it follows that a∆ = 1 for all a ∈ L.
We have 1∆ = 0 and, clearly, ·∆ |M\{1} is the restriction to M \ {1} of a weak complementation on M , that we
will denote by ·∆M©.
Dually, ·∇ must be defined by: b∇ = 0 for all b ∈M , 0∇ = 1 and ·∇ |L\{0}= ·
∇L© |L\{0} for some dual weak
complementation ·∇L© on L.
A = L⊕M :
r
r
r
✚✙
✛✘✚✙
✛✘
✲
✻
✛
∇
∇
✲
❄
∆
✲
L
∇
∆ ✲
❄✘✘✘✘✘✘✘✾
M
✛
✻
✟✟
✟✯
∆
1 = 1M
c = 1L = 0M
0 = 0L
B = L⊕K ⊕M :
r
r
r
r
✚✙
✛✘✚✙
✛✘✚✙
✛✘
∇
∆
L
K
M
1 = 1M
0 = 0L
✛
✛
✻
✟✟
✟✯
∆
✲
✛
❄
∆
✲
✛
✻
∇
∇
✲
✲
❄✟✟✟✙
Consequently, since the ordinal sum of bounded lattices is associative, ·∆ must be defined on B by: a∆ = 1
for all a ∈ K ∪ L, 1∆ = 0 and ·∆ |M\{1} is the restriction to M \ {1} of a weak complementation on M , while
·∇ must be defined on B by: b∇ = 0 for all b ∈ L ∪M , 0∇ = 1 and ·∇ |K\{0} is the restriction to K \ {0} of a
weak dicomplementation on K.
Therefore: A can only be endowed with the trivial weak complementation iff B can only be endowed with
the trivial weak complementation iff M can only be endowed with the trivial weak complementation.
Dually: A can only be endowed with the trivial dual weak complementation iff B can only be endowed with
the trivial dual weak complementation iff L can only be endowed with the trivial dual weak complementation.
Consequently: A can only be endowed with the trivial weak dicomplementation iff B can only be endowed
with the trivial weak dicomplementation iff L can only be endowed with the trivial dual weak complementation
and M can only be endowed with the trivial weak complementation.
In particular, L ⊕ C2 can only be endowed with the trivial weak complementation, while C2 ⊕M can only
be endowed with the trivial dual weak complementation, thus C2 ⊕L⊕ C2 can only be endowed with the trivial
weak dicomplementation.
We will often use the remarks in this paper without referencing them.
Proposition 4.2. • ConWCL(A) = {α ⊕ β | α ∈ Con(L), β ∈ ConWCL1(M)} ∪ {∇A} ∼= (Con(L)×
ConWCL1(M))⊕ C2.
• ConWDCL(A) = {α⊕ β | α ∈ ConWDCL0(L), β ∈ Con(M)} ∪ {∇A} ∼= (ConWDCL0(L)× Con(M))⊕ C2.
Proof. We will use the notations in Remark 4.1.
We have Con(A) = {α⊕ β | α ∈ Con(L), β ∈ Con(M)}. Let α ∈ Con(L) and β ∈ Con(M).
Then α⊕ β ∈ ConWCL(A) iff, for all x, y ∈ A, whenever x(α⊕ β)y, it follows that x∆(α⊕ β)y∆.
If x, y ∈ L, then x∆ = 1 = y∆, so the preservation of ·∆ is trivially satisfied by α⊕ β in this case.
If x, y ∈ M \ {1}, then x∆(α ⊕ β)y∆ iff x∆M©βy∆M©, therefore, if the 1–class of β is a singleton, then α⊕ β
preserves the ·∆ iff β preserves the ·∆M©.
If x = 1 and y ∈ M \ {1} are such that x(α ⊕ β)y, case in which the 1–class of β is not a singleton, then
x∆(α⊕ β)y∆ iff 0 = 1∆(α⊕ β)y∆M© ∈M , which is equivalent to α = L2 and cβy∆M©, the latter of which holds
when β preserves the ·∆M©.
If x = 1 and y ∈ K, then x = 1(α ⊕ β)y iff β = M2 and cαy, and, if α ⊕ β preserves the ·∆, then
0 = 1∆(α ⊕ β)y∆ = 1, hence α⊕ β = A2, thus we also have α = L2.
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If x ∈M \ {1} and y ∈ K are such that x(α ⊕ β)y, so that xβc, then x∆M© = x∆(α ⊕ β)y∆ = 1 holds when
β preserves the ·∆M©.
Since the ordinal sums of congruences of the forms above clearly preserve the ·∆, we have the equivalence:
α⊕β preserves the ·∆ iff β preserves the ·∆M© and, whenever the 1–class of β is not a singleton, we have α = L2.
Dually, α⊕ β preserves the ·∇ iff α preserves the ·∇L© and, whenever the 0–class of α is not a singleton, we
have β =M2.
Remark 4.3. By Proposition 4.2:
• ConWCL(B) = {α⊕ θ ⊕ β | α ∈ Con(L), θ ∈ Con(K), β ∈ ConWCL1(M)} ∪ {∇A} ∼= (Con(L) × Con(K) ×
ConWCL1(M))⊕ C2.
• ConWDCL(B) = {α ⊕ θ ⊕ β | α ∈ ConWDCL0(L), θ ∈ Con(K), β ∈ Con(M)} ∪ {∇A} ∼= (ConWDCL0(L) ×
Con(K)× Con(M))⊕ C2.
Note, from the observations in Section 3, that, with the notations in Remark 4.1, if ·∆M© is trivial, then
ConWCL1(M) = Con1(M) = ConWCL(M)\{M2} and, similarly, if ·∇
L© is trivial, then ConWDCL0(L) = Con0(L) =
ConWDCL(L) \ {L2}.
Corollary 4.4. (i) ConWDL(A) = {α ⊕ β | α ∈ ConWCL0(L), β ∈ ConWDCL1(M)} ∪ {A2} ∼= (ConWCL0(L) ×
ConWDCL1(M))⊕ C2;
(ii) ConWDL(B) = {α ⊕ θ ⊕ β | α ∈ ConWCL0(K), θ ∈ Con(L), β ∈ ConWDCL1(M)} ∪ {B2} ∼= (ConWCL0(L) ×
Con(L)× ConWDCL1(M))⊕ C2.
Proof. (i) ConWDL(A) = ConWCL(A) ∩ ConWDCL(A), so the statement follows by Proposition 4.2.
(ii) By (i) and Proposition 4.2 applied for determining ConWCL(K ⊕ L), then ConWDCL(L⊕M).
Corollary 4.5. • A = L⊕M is subdirectly irreducible in WCL iff L is subdirectly irreducible as a bounded
lattice and ConWCL1(M) = {=M}.
• A = L ⊕M is subdirectly irreducible in WDCL iff ConWDCL0(L) = {=L} and M is subdirectly irreducible
as a bounded lattice.
• A = L⊕M is subdirectly irreducible in WDL iff at least one of the lattices ConWDCL0(L) and ConWCL1(M)
is trivial and the other one has the bottom element strictly meet–irreducible.
• B = L⊕K ⊕M is neither subdirectly irreducible in WCL, nor in WDCL.
• B = L ⊕ K ⊕M is subdirectly irreducible in WDL iff K is subdirectly irreducible as a bounded lattice,
ConWDCL0(L) = {=L} and ConWCL1(M) = {=M}.
5 Weak Dicomplementations on Atomic or Coatomic Lattices
Remark 5.1. Since WCL  x ∨ x∆ ≈ 1 and WDCL  x ∧ x∇ ≈ 0, it follows that bounded lattices with the 1
join–irreducible can only be endowed with the trivial weak complementation, while bounded lattices with the 0
meet–irreducible can only be endowed with the trivial dual weak complementation, hence bounded lattices with
the 0 meet–irreducible and the 1 join–irreducible can only be endowed with the trivial weak dicomplementation.
In particular, any bounded chain can only be endowed with the trivial weak dicomplementation, and, if a
bounded lattice L has the 1 strictly join–irreducible, or equivalently, if L is coatomic and it has a single coatom,
then L can only be endowed with the trivial weak complementation, while, if L has the 0 strictly meet–irreducible,
or equivalently, if L is atomic and it has a single atom, then L can only be endowed with the trivial dual weak
complementation.
The latter two cases of Remark 5.1 are equivalent forms of the properties at the end of Remark 4.1.
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Remark 5.2. A weak complementation ·∆ on a coatomic bounded lattice L is nontrivial iff a∆ < 1 for some
a ∈ CoAt(L), which implies that a∆ ≤ b for some b ∈ CoAt(L) \ {a} since L is coatomic and we must have
a ∨ a∆ = 1.
Dually, a dual weak complementation ·∇ on an atomic bounded lattice L is nontrivial iff a∇ > 0 for some
a ∈ At(L), which implies that a∇ ≥ b for some b ∈ At(L) \ {a} since L is atomic and we must have a ∧ a∇ = 0.
If L is a bounded lattice and a, b ∈ L \ {0, 1}, let us denote by ·∆a,b : L → L the operation defined by:
1∆a,b = 0, a∆a,b = b, b∆a,b = a and x∆a,b = 1 for all x ∈ L \ {1, a, b}. Of course, since a, b ∈ L \ {0, 1}, whenever
·∆a,b is a weak complementation on L, it is a notrivial weak complementation. With this notation, we have:
Proposition 5.3. (i) If L is a coatomic bounded lattice with exactly two coatoms a and b, then ·∆a,b is a
representable weak complementation on L, thus L has nontrivial representable weak complementations.
(ii) If L is a bounded distributive lattice L with at least two coatoms and a and b are distinct coatoms of L,
then ·∆a,b is a weak complementation on L, thus L has nontrivial weak complementations.
Dually for atoms and dual weak complementations.
Proof. Let L be a bounded lattice.
(i) If L is coatomic and CoAt(L) = {a, b} with a 6= b, then it is routine to prove that ·∆a,b is a weak comple-
mentation on L. Clearly, (a]L ∪ (b]L = L \ {1} is a join–dense subset of L and, with the notation in Section 3,
the weak complementation associated to this join–dense subset is ·∆((a]L∪(b]L) = ·∆a,b.
(ii) Now assume that L is distributive and CoAt(L) ⊇ {a, b} with a 6= b. Then the operation ·∆a,b reverses
the lattice order of L and satisfies x∆a,b∆a,b ≤ x and x ∨ x∆a,b = 1 for all x ∈ L, therefore it is a weak
complementation on L since L is distributive.
Remark 5.4. Clearly, any direct product of at least two nontrivial bounded lattices can be endowed with the
product weak dicomplementation, which is nontrivial.
Of course, in terms of the congruence lattices, if V is any of the varieties WCL, WDCL and WDL and L,
M are members of V, then, since V is congruence–distributive and thus L ×M has no skew congruences, we
have ConV(L × M) = {α × β | α ∈ ConV(L), β ∈ ConV(M)} ∼= ConV(L) × ConV(M), so, if L and M are
endowed with the trivial weak dicomplementations, then: ConWCL(L×M) ∼= (Con1(L)⊕C2)× (Con1(M)⊕C2),
ConWDCL(L×M) ∼= (Con0(L)⊕C2)×(Con0(M)⊕C2) and ConWDL(L×M) ∼= (Con01(L)⊕C2)×(Con01(M)⊕C2).
Let us also notice here that, if L is endowed with the trivial weak dicomplementation, then ConV(L) has a
single coatom, thus it is directly irreducible. Consequently, if ConWCL(L), ConWDCL(L), respectively ConWDL(L)
is directly irreducible, then the weak complementation, respectively the dual weak complementation, respectively
the weak dicomplementation of L is nontrivial.
Remark 5.5. Let L and M be nontrivial bounded lattices.
• If L and M are atomic, then clearly At(L × M) = {(a, 0M ), (0L, b) | a ∈ At(L), b ∈ At(M)}, hence
|At(L×M)| = |At(L)|+ |At(M)| ≥ 2.
• Dually, if L and M are coatomic, then CoAt(L ×M) = {(a, 1M ), (1L, b) | a ∈ CoAt(L), b ∈ CoAt(M)},
hence |CoAt(L×M)| = |CoAt(L)|+ |CoAt(M)| ≥ 2.
Remark 5.6. Let L and M be bounded lattices with |L| > 2 and |M | > 2. Then clearly:
• At(L⊞M) = At(L) ∪ At(M) = At(L)
•
∪ At(M), hence |At(L⊞M)| = |At(L)|+ |At(M)|;
• CoAt(L ⊞ M) = CoAt(L) ∪ CoAt(M) = CoAt(L)
•
∪ CoAt(M), hence |CoAt(L ⊞ M)| = |CoAt(L)| +
|CoAt(M)|.
Now let us take a look at the existence of nontrivial (dual) weak complementations on some constructions of
bounded lattices.
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Remark 5.7. Clearly, there exist coatomic bounded lattices with nontrivial weak complementations having any
number of coatoms greater than 2, as well as atomic bounded lattices with nontrivial dual weak complementations
having any number of atoms greater than 2, Boolean algebras being the simplest example. Remarks 5.4 and
5.5 provide us with the possibility to construct atomic and coatomic bounded lattices with nontrivial weak
dicomplementations having any (equal or distinct) numbers of atoms and coatoms greater than 2.
On the other hand, there exist bounded lattices with no nontrivial weak complementations having any number
of coatoms other than 2, as well as bounded lattices with no nontrivial dual weak complementations having any
number of atoms other than 2, and bounded lattices with no nontrivial weak dicomplementations having any
(equal or distinct) numbers of atoms and coatoms other than 2, as shown by Remark 5.1 and Remark 4.1,
according to which, for any bounded lattice K and any cardinal numbers κ, λ /∈ {0, 2}, the bounded lattice
K⊕Mλ has no nontrivial weak complementation,Mκ⊕K has no nontrivial dual weak complementation, while
Mκ ⊕K ⊕Mλ has no nontrivial weak dicomplementation.
See Remark 5.6 and Corollary 6.6 below for other types of constructions for bounded lattices with no nontrivial
weak complementation, dual complementation or dicomplementation having at least three atoms or coatoms.
Remark 5.8. For any coatomic bounded lattice L, any J ⊆ L and any M ⊆ L \ {1} such that CoAt(L) ⊆ M ,
condition ¬sg∆(L, J,M) is clearly equivalent to ¬sg∆(L, J,CoAt(L)).
Remark 5.9. Remark 5.8 provides us with an easy construction one can apply to coatomic complete algebraic
and dually algebraic lattices L having at least three distinct coatoms in order to transform them into bounded
lattices without nontrivial weak complementations having the same number of coatoms: for at least three
distinct coatoms a, b, c of L, choose elements p, q, r of L such that p < a, q < b, r < c, and replace each of
the intervals [p, a]L, [q, b]L, [r, c]L with its horizontal sum with a complete algebraic and dually algebraic lattice
having at least one strictly join irreducible other than its top element. The resulting bounded lattice M will
have the same coatoms as L, it will be complete, algebraic and dually algebraic, and it will clearly fail condition
¬sg∆(M, Sji(M),CoAt(M) = CoAt(L)).
In particular, the construction above applied to a finite lattice with at least three coatoms, considering
horizontal sums with finite lattices with join–irreducibles other than their lattice bounds, in particular with
finite chains of lengths at least three, produces finite lattices with the same number of coatoms and without
nontrivial weak complementations.
Here is the previous construction applied to C2 ⊕ C32 , which, according to Remark 4.1, has nontrivial weak
complementations since C32 does, with the intervals given by the filters generated by each of its coatoms, turned
into their horizontal sums with the three–element chain; the resulting lattice L has no nontrivial weak comple-
mentation, since it clearly fails condition ¬sg∆(L, Ji(L),CoAt(L)):
L:
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rrr r rrr r
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6 Weak Dicomplementations on Horizontal Sums
Throughout this section, L and M will be bounded lattices with |L| > 2 and |M | > 2, A = L ⊞M and, unless
mentioned otherwise, (·∆ L©, ·∇L©), (·∆M©, ·∇M©) and (·∆, ·∇) will be arbitrary weak dicomplementations on L,M
and A, respectively.
r
r✬
✫
✩
✪
✛
✚
✘
✙L M
1 = 1L = 1M
0 = 0L = 0M
A = L⊞M :
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Of course, L and M are bounded sublattices of A.
Note that, for all x ∈ L \ {0} and all y ∈ M \ {0}, [x)A = [x)L and [y)A = [y)M , while, for all x ∈ L \ {1}
and all y ∈M \ {1}, (x]A = (x]L and (y]A = (y]M .
Note, also, that 1 /∈ Ji(A), so Ji(A) = (Ji(L)∪Ji(M))\{1}, and 0 /∈Mi(A), so Mi(A) = (Mi(L)∪Mi(M))\{0}.
Lemma 6.1. • For all x ∈ L \ {1} and all y ∈M \ {1}, we have x ≤ y∆ and y ≤ x∆, in particular y∆ ∈ L
and x∆ ∈M .
• For all x ∈ L \ {0} and all y ∈M \ {0}, we have x ≥ y∇ and y ≥ x∇, in particular y∇ ∈ L and x∇ ∈M .
Proof. For all x ∈ L \ {1} and all y ∈ M \ {1}, we have: 0 6= x = (x ∧ y) ∨ (x ∧ y∆) = 0 ∨ (x ∧ y∆) = x ∧ y∆,
hence y∆ ≥ x. Since |L| > 2, there exists a u ∈ L \ {0, 1}. Then y∆ ∈ [u)A = [u)L ⊂ L.
Analogously for x∆, and dually for the dual weak complementation.
Proposition 6.2. • L ∈ SWCL(A) iff ·∆
L© is trivial and ·∆ |L= ·∆
L©. Similarly for M .
• L ∈ SWDCL(A) iff ·
∇L© is trivial and ·∇ |L= ·
∇L©. Similarly for M .
• L ∈ SWDL(A) iff (·∆
L©, ·∇L©) is trivial, ·∆ |L= ·∆
L© and ·∇ |L= ·∇
L©. Similarly for M .
Proof. By Lemma 6.1, if L ∈ SWCL(A), then, for any x ∈ L \ {0}, we have x∆
L© = x∆ ∈M ∩ L = {0, 1}, hence
·∆L© is trivial and ·∆ |L= ·
∆L©. The converse is trivial.
Similarly for M , and dually for the dual weak complementation. Hence the statement on the dicomplemen-
tation.
Lemma 6.3. • If 1 is not strictly join–irreducible in L, then ·∆ |M is the trivial weak complementation on
M .
• If 1 is not strictly join–irreducible in M , then ·∆ |L is the trivial weak complementation on L.
Dually for 0 and the dual weak complementation.
Proof. Assume that 1 /∈ Sji(L) and let y ∈M \ {1}.
Case 1: 1 /∈ Ji(L).
By Lemma 6.1, if 1 is join–reducible in L, so that 1 = a∨ b for some a, b ∈ L \ {1}, then y∆ ≥ a and y∆ ≥ b,
thus y∆ = 1, so that ·∆ |M is the trivial weak complementation on M .
Case 2: 1 ∈ Ji(L) \ Sji(L) (so that L is not finite).
If 1 is join–irreducible, but not strictly join–irreducible in L, then 1 has no predecessors in L. Assume by
absurdum that y∆ < 1. Then, since y∆ ⊀ 1, it follows that there exists some z ∈ L such that y∆ < z < 1, so
z ∈ L\{1} and y∆  z, which is a contradiction to Lemma 6.1. Hence ·∆ |M is the trivial weak complementation
on M .
Similarly for the case when 1 /∈ Sji(M).
Remark 6.4. Recall the notations at the end of Section 3 and note that, for any bounded lattice K, the weak
complementation on K is ·∆K and the dual weak complementation on K is ·∇K .
With the notations in Sections 3 and 5, we have:
Theorem 6.5. A = L⊞M has nontrivial weak complementations iff 1 is strictly join–irreducible in each of the
lattices L andM , case in which A has only these two weak complementations, both of which are representable: the
trivial weak complementation ·∆A and the nontrivial weak complementation ·∆1
−L,1−M = ·∆(1
−L]A∪(1
−M ]A , which
satisfy ·∆A < ·∆1
−L,1−M . In the particular case when A is complete and dually algebraic, ·∆1
−L,1−M = ·∆Sji(A).
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Proof. If 1 ∈ Sji(L) ∩ Sji(M), then A = L ⊞M is a coatomic lattice with exactly two coatoms, 1−L ∈ L and
1−M ∈M , thus, by Proposition 5.3, (i), it has the nontrivial weak complementation ·∆1
−L,1−M .
Now assume that A has a nontrivial weak complementation ·∆ and let x ∈ A such that x∆ 6= 1. Then x 6= 0
and w.l.g. we may assume that x ∈ L. Then, by Lemma 6.3, 1 ∈ Sji(M) and x∆ = 1−M , the unique coatom of
M . Hence, for all y ∈ L \ {1}, we have y = (y ∧ x) ∨ (y ∧ x∆) = (y ∧ x) ∨ (y ∧ 1−M ) = (y ∧ x) ∨ 0 = y ∧ x, thus
y ≤ x. Therefore x = max(L \ {1}), so 1 ∈ Sji(L) and x = 1−L, the unique coatom of L.
If (1−L)∆ = 1−M and (1−M )∆ = 1, then (1−L)∆∆ = 1  1−L, which contradicts the definition of a weak
complementation. We get a similar contradiction if we assume that (1−L)∆ = 1 and (1−M )∆ = 1.
Consequently, ·∆ = ·∆1
−L,1−M .
Either by the property of weak complementations on complete dually algebraic lattices at the end of Section
3 or directly from the definition of such a lattice, along with the fact that Sji(A) = (Sji(L) ∪ Sji(M)) \ {1} and
the fact that A is complete and dually algebraic iff both L and M are complete and dually algebraic, we get the
last statement in the enunciation.
Corollary 6.6. If K is a bounded lattice with |K| > 2, then K ⊞ L ⊞M can only be endowed with the trivial
weak dicomplementation.
Proof. By Theorem 6.5 and the fact that 1 /∈ Ji(K ⊞L)∪ Ji(K ⊞M)∪ Ji(L⊞M) and 0 /∈ Mi(K ⊞L)∪Mi(K ⊞
M) ∪Mi(L ⊞M).
Remark 6.7. Recall from [9] that:
• Con01(A) = Con01(L⊞M) = {α⊞ β | α ∈ Con01(L), β ∈ Con01(M)} ∼= Con01(L)× Con01(M) and
• Con01(A) ∪ {A2} ⊆ Con(A) ⊆ Con01(A) ∪ {eq(L \ {0},M \ {1}), eq(L \ {1},M \ {0}), A2}, and:
eq(L \ {0},M \ {1}) ∈ Con(A) iff 0 ∈Mi(L) and 1 ∈ Ji(M),
eq(L \ {1},M \ {0}) ∈ Con(A) iff 1 ∈ Ji(L) and 0 ∈Mi(M).
Since |L|, |M | > 2, we have eq(L\{0},M \{1}), eq(L\{1},M \{0}) /∈ Con0(A)∪Con1(A), hence Con0(A) =
Con1(A) = Con01(A).
Remark 6.8. By Proposition 6.2: L,M ∈ SWCL(A) iff ·∆, ·∆
L© and ·∆M© are trivial, and similarly for WDCL
and WDL. In this case, A can be considered as the horizontal sums of the algebras L and M from WCL,
WDCL and WDL, respectively, and, by Remarks 6.9 and 6.7, w.r.t. the trivial weak dicomplementations,
ConWDL(A) = ConWCL(A) = ConWDCL(A) = Con01(A) ∪ {A2} = {α ⊞ β | α ∈ Con01(L) = ConWDL(L) =
ConWCL0(L) = ConWDCL1(L), β ∈ Con01(M) = ConWDL(M) = ConWCL0(M) = ConWDCL1(M)} ∪ {A2}, so the
horizontal sum cancels congruences in WCL and WDCL, while keeping congruences in WDL in place.
Remark 6.9. W.r.t. the trivial weak dicomplementation, we have, by Remark 6.7: ConWCL(A, ·∆A) =
ConWDCL(A, ·∇A) = ConWDL(A, ·∆A, ·∇A) = Con01(A) ∪ {A2} ∼= (Con01(L)× Con01(M))⊕ C2.
For example, since C22 = C3⊞C3 and Con01(C
2
2) = {=C22}, we have: ConWCL(C
2
2 , ·
∆C22 ) = ConWDCL(C22 , ·
∇C22 ) =
ConWDL(C22 , ·
∆C22 , ·∇C
2
2 ) = {=C2
2
, (C22)
2}.
Proposition 6.10. If A has a nontrivial weak complementation, then, if we denote by φ = eq(L \ {0},M \ {1})
and ψ = eq(L \ {1},M \ {0}), we have:
(i) if A = {0, 1−L, 1−M , 1} ∼= C22 , or, equivalently, L = {0, 1
−L, 1} ∼= C3 and M = {0, 1−M , 1} ∼= C3, then
·∆1
−L,1−M is the Boolean complementation and:
ConWCL(A, ·
∆1−L,1−M ) = {=A, φ, ψ,A
2} ∼= C22 ,
so (A, ·∆1
−L,1−M ) is not subdirectly irreducible in WCL;
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(ii) if L ∼= C3 and |M | > 3, then:
ConWCL(A, ·
∆1−L,1−M ) = {=L ⊞ (δ ⊕=C2) | δ ∈ Con01((1
−M ]M )} ∪ {φ,A
2} ∼= Con01((1
−M ]M )⊕ C3,
in particular (A, ·∆1
−L,1−M ) is subdirectly irreducible in WCL iff =(1−M ]M ∈ Smi(Con01((1
−M ]M )) iff
((1−M ]M , ·∆(1
−M ]M , ·∇(1
−M ]M ) is subdirectly irreducible in WDL;
(iii) if |L| > 3 and M ∼= C3, then:
ConWCL(A, ·
∆1−L,1−M ) = {(γ ⊕=C2)⊞=M | γ ∈ Con01((1
−L]L)} ∪ {ψ,A
2} ∼= Con01((1
−L]L)⊕ C3,
in particular (A, ·∆1
−L,1−M ) is subdirectly irreducible inWCL iff =(1−L]L ∈ Smi(Con01((1
−L]L)) iff ((1
−L]L,
·∆(1
−L]L , ·∇(1
−L]L) is subdirectly irreducible in WDL;
(iv) if |L| > 3 and |M | > 3, then:
ConWCL(A, ·
∆1−L,1−M ) = {(γ ⊕=C2)⊞ (δ ⊕=C2) | γ ∈ Con01((1
−L]L), δ ∈ Con01((1
−M ]M )} ∪ {A
2}
∼= (Con01((1
−L]L)× Con01((1
−M ]M ))⊕ C2,
in particular (A, ·∆1
−L,1−M ) is not subdirectly irreducible in WCL.
Proof. Remark 6.9 gives us the congruences of the weakly complemented lattice (A, ·∆A).
Since A admits other weak complementations except ·∆A, by Theorem 6.5 and Remark 6.7 we have 1 ∈
Sji(L) ∩ Sji(M) and thus:
• φ ∈ Con(A) iff 0 ∈ Ji(L), while ψ ∈ Con(A) iff 0 ∈ Ji(M);
• L = (1−L]L⊕C2, so Con(L) = {γ⊕ζ | γ ∈ Con((1−L]L), ζ ∈ Con(C2)} = {γ⊕=C2 , γ⊕C
2
2 | γ ∈ Con((1
−L]L)};
• M = (1−M ]M ⊕ C2, so, analogously, Con(M) = {δ ⊕=C2 , δ ⊕ C
2
2 | δ ∈ Con((1
−M ]M )}.
Let θ ∈ Con(A) \ {A2}, arbitrary, and let us consider the following conditions on the lattice congruence θ:
(LM)(θ) (∀x ∈ A \ {1−L, 1−M}) (xθ1−L ⇒ x∆1
−L,1−M θ1−M )
(ML)(θ) (∀x ∈ A \ {1−L, 1−M}) (xθ1−M ⇒ x∆1
−L,1−M θ1−L)
Since θ 6= A2, we have θ = (θ ∩L2)⊞ (θ ∩M2), with θ ∩ L2 ∈ Con(L) \ {L2} and θ ∩M2 ∈ Con(M) \ {M2}
since L and M are sublattices of A and (0, 1) /∈ θ, so that (0, 1) /∈ θ ∩ L2 and (0, 1) /∈ θ ∩ M2. Thus, for
any x ∈ L \ {0, 1} = L \M and any y ∈ M \ {0, 1} = M \ L, (x, y) /∈ α ⊞ β, so that x/θ = x/(θ ∩ L2) and
y/θ = y/(θ ∩M2), in particular, (1−L, 1−M ) /∈ θ and hence:
θ ∈ ConWCL(A, ·
∆1−L,1−M ) iff it satisfies conditions (LM)(θ) and (ML)(θ).
Now let α ∈ Con01(L) and β ∈ Con01(M), so that α ⊞ β ∈ Con01(A) ⊆ Con(A) \ {A2}, (α ⊞ β) ∩ L2 = α
and (α⊞ β) ∩M2 = β, x/α ⊆ L \ {0, 1} for any x ∈ L \ {0, 1} and y/β ⊆M \ {0, 1} for any y ∈M \ {0, 1}. In
particular, 1−L/(α⊞ β) = 1−L/α ⊆ L \ {0, 1} and 1−M/(α⊞ β) = 1−M/β ⊆M \ {0, 1}.
If there exists an x ∈ 1−L/(α ⊞ β) = 1−L/α, then x∆1
−L,1−M /(α ⊞ β) = 1/(α ⊞ β) = {1} 6= 1−M/β =
1−M/(α ⊞ β), so condition (LM)(α ⊞ β) fails. Clearly, if 1−L/α = {1−L}, then condition (LM)(α ⊞ β) is
satisfied.
Similarly, condition (ML)(α⊞ β) is satisfied iff 1−M/β = {1−M}.
Therefore: α⊞ β ∈ ConWCL(A, ·∆1
−L,1−M ) iff both conditions (LM)(α⊞β) and (ML)(α⊞ β) are satisfied iff
1−L/α = {1−L} and 1−M/β = {1−M} iff α = γ ⊕ =C2 for some γ ∈ Con01((1
−L]L) and β = δ ⊕ =C2 for some
δ ∈ Con01((1−M ]M ), by the above, hence:
ConWCL01(A, ·
∆1−L,1−M )) = {(γ ⊕=C2)⊞ (δ ⊕=C2) | γ ∈ Con01((1
−L]L), δ ∈ Con01((1
−M ]M )}
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∼= Con01((1
−L]L)× Con01((1
−M ]M ).
Whenever |L| > 3, so that there exists an element x ∈ L\{0, 1−L, 1} ⊂ 1−L/φ = L\{0}, we have x∆1
−L,1−M =
1 /∈ 1−M/φ, hence condition (LM)(φ) fails. If L ∼= C3, so that L = {0, 1−L, 1} and thus 1−L/φ = {1−L, 1},
then 1∆1
−L,1−M = 0 ∈ 1−M/φ, so condition (LM)(φ) is satisfied. Similarly, condition (ML)(ψ) is satisfied iff
M ∼= C3.
For every x ∈ 1−M/φ \ {1−M} = M \ {1−M , 1}, we have x∆1
−L,1−M = 1 ∈ L \ {0} = 1−L/φ, thus condition
(ML)(φ) is satisfied. Similarly, condition (LM)(ψ) is satisfied.
Therefore: φ ∈ ConWCL(A, ·∆1
−L,1−M ) iff conditions (LM)(φ) and (ML)(φ) are satisfied iff condition (LM)(φ)
is satisfied iff L ∼= C3.
Similarly: ψ ∈ ConWCL(A, ·∆1
−L,1−M ) iff conditions (LM)(ψ) and (ML)(ψ) are satisfied iff condition (ML)(ψ)
is satisfied iff M ∼= C3.
Therefore we have the following cases. Note that, when L ∼= C3, so that (1
−L]L ∼= C2, we have: Con01(L) =
{=L} ∼= C1 ∼= {=(1−L]L} = Con01((1
−L]L) = Con0((1
−L]L), and similarly for M .
(i) If A = {0, 1−L, 1−M , 1} ∼= C22 , then φ, ψ ∈ ConWCL(A, ·
∆1−L,1−M ) and Con01(A) = {=A} ∼= C1.
(ii) If L = {0, 1−L, 1} ∼= C3, but |M | > 3, then φ ∈ ConWCL(A, ·
∆1−L,1−M ), but ψ /∈ ConWCL(A, ·
∆1−L,1−M ).
(iii) If |L| > 3, but M = {0, 1−M , 1} ∼= C3, then: φ /∈ ConWCL(A, ·∆1
−L,1−M ), but ψ ∈ ConWCL(A, ·∆1
−L,1−M ).
(iv) If |L| > 3 and |M | > 3, then φ, ψ /∈ ConWCL(A, ·∆1
−L,1−M ).
Hence the forms of the congruence lattices in the enunciation, which yield the subdirect irreducibility results
upon noticing that, since |L| > 3 and |M | > 3, the bounded lattices (1−L]L and (1−M ]M are nontrivial.
Corollary 6.11. A = L⊞M has nontrivial dual weak complementations iff 0 is strictly meet–irreducible in each
of the lattices L and M , case in which A has exactly two dual weak complementations, both of which are repre-
sentable: the trivial dual weak complementation ·∇A and ·∇0
+L,0+M , with ·∇A < ·∇0
+L,0+M , where ·∇0
+L,0+M =
·∇[0
+L)A∪[0
+M)A , so that ·∇0
+L,0+M is defined by: 1∇0
+L,0+M = 0, (0+L)∇0
+L,0+M = 0+M , (0+M )∆1
−L,1−M = 0+L
and x∇0
+L,0+M = 1 for all x ∈ A \ {0, 0+L, 0+M}.
In this case, if we also denote by φ = eq(L \ {0},M \ {1}) and ψ = eq(L \ {1},M \ {0}), then we have:
(i) if A = {0, 0+L, 0+M , 1} ∼= C22 , or, equivalently, L = {0, 0
+L, 1} ∼= C3 and M = {0, 0+M , 1} ∼= C3, then
·∇0
+L,0+M is the Boolean complementation and:
ConWCL(A, ·
∇0+L,0+M ) = {=A, φ, ψ,A
2} ∼= C22 ,
in particular (A, ·∇0
+L,0+M ) is not subdirectly irreducible in WDCL;
(ii) if L ∼= C3 and |M | > 3, then:
ConWCL(A, ·
∇0+L,0+M ) = {=L ⊞ (δ ⊕=C2) | δ ∈ Con01([0
+M )M )} ∪ {ψ,A
2} ∼= Con01([0
+M )M )⊕ C3,
in particular (A, ·∇0
+L,0+M ) is subdirectly irreducible in WDCL iff =[0+M )M ∈ Smi(Con01([0
+M )M ) iff
([0+M )M , ·∆[0
+M)M , ·∇[0
+M )M ) is subdirectly irreducible in WDL;
(iii) if |L| > 3 and M ∼= C3, then:
ConWCL(A, ·
∇0+L,0+M ) = {(γ ⊕=C2)⊞=M | γ ∈ Con01([0
+L)L)} ∪ {ψ,A
2} ∼= Con01([0
+L)L)⊕ C3,
in particular (A, ·∇0
+L,0+M ) is subdirectly irreducible inWDCL iff =[0+L)L ∈ Smi(Con01([0
+L)L) iff ([0
+L)L,
·∆[0
+L)L , ·∇[0
+L)L) is subdirectly irreducible in WDL;
(iv) if |L| > 3 and |M | > 3, then:
ConWCL(A, ·
∇0+L,0+M ) = {(γ ⊕=C2)⊞ (δ ⊕=C2) | γ ∈ Con01([0
+L)L), δ ∈ Con01([0
+M )M )} ∪ {A
2}
∼= (Con01([0
+L)L)× Con01([0
+M )M )⊕ C2,
in particular (A, ·∇0
+L,0+M ) is not subdirectly irreducible in WDCL.
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In the particular case when A is complete and algebraic, ·∇0
+L,0+M = ·∇Smi(A).
Proof. By duality, from Theorem 6.5 and Proposition 6.10.
Corollary 6.12. A = L⊞M has nontrivial weak dicomplementations iff at least one of the following conditions
holds:
(i) 1 is strictly join–irreducible in both L and M ;
(ii) 0 is strictly meet–irreducible in both L and M .
The weak dicomplementations on A are (·∆, ·∇), with ·∆ ∈ {·∆A, ·∆1
−L,1−M } if condition (i) holds and
·∆ = ·∆A otherwise, and ·∇ ∈ {·∇A, ·∇0
+L,0+M} if condition (ii) holds and ·∇ = ·∇A otherwise, all of which are
representable.
Remark 6.13. So A = L⊞M has at most two weak complementations and at most two dual weak complementa-
tions, so either just one, or two, or four weak dicomplementations, in the latter case its weak dicomplementations,
being ordered as in the following Hasse diagram:
r❅❅   r r
r
   ❅❅
(·∆1
−L,1−M , ·∇0
+L,0+M )
(·∆A, ·∇0
+L,0+M ) (·∆1
−L,1−M , ·∇0)
(·∆A, ·∇A)
We have, of course, ConWDL(A, ·∆, ·∇) = ConWCL(A, ·∆) ∩ ConWDCL(A, ·∇) for each (·∆, ·∇) as in Corollary
6.12, and immediate subdirect irreducibility characterizations follow.
Example 6.14. Let L = C2 ⊕ C22 ⊕ C2 and M = C
2
2 ⊕ C2, and let the elements of A = L ⊞M be denoted as in
the following Hasse diagram:
A = L⊕M :
r❅❅❅
❅
 
 
 
 
❅
❅
 
 
r
r rr r
r rr
❅
❅
❅
❅
✟✟
✟✟
✟✟
✟✟
0
1
a
d
b c
s t
u
rr r
r
r
 
 
❅
❅
 
 
❅
❅
A2
{a, b, c, d}
{a, b},
{c, d}
{a, c},
{b, d}
=A
Then, by Theorem 6.5 and Corollary 6.11, A has the weak complementations ·∆A and ·∆d,u and only the
trivial dual weak complementation ·∇A.
We have, by Remark 6.9: ConWDL(A, ·∆A, ·∇A) = ConWDCL(A, ·∆A) = ConWDCL(A, ·∇A) = Con01(A) ∪
{A2} = {(=C2 ⊕ ζ⊕=C2)⊞=M | ζ ∈ Con(C
2
2)}∪{A
2} ∼= Con(C22)⊕C2
∼= C22 ⊕C2, which has the lattice structure
represented in the rightmost diagram above, in which the proper nontrivial congruences are indicated by their
nonsingleton classes.
By Proposition 6.10, (iv), we have: ConWCL(A, ·∆d,u) = {=A, A2} ∼= C2.
Consequently, the weak dicomplementations on A are (·∆A, ·∇A) and (·∆d,u, ·∇A), and we have:
ConWCL(A, ·∆, ·∇A) = ConWCL(A, ·∆) for every ·∆ ∈ {·∆A, ·∆d,u}.
Now let us consider the five–element non–modular lattice N5 = C3 ⊞ C4, with the elements denoted as in the
following Hasse diagram. Then, by Theorem 6.5 and Corollary 6.11, as in the case of the four–element Boolean
algebra C22 = C3 ⊞ C3, N5 has four weak dicomplementations: {(·
∆, ·∇) | ·∆ ∈ {·∆N5 , ·∆a,c}, ·∇ ∈ {·∇N5 , ·∇a,b}},
where L = C3 and M = C4.
N5:
r r  ❅❅❅
r rr ❅❅   
0
1
b
c
a
rr
r
=N5
N 25
{b, c} rr
r
=N5
N 25
{a, 1},
{0, b, c} rr
r
=N5
N 25
{0, a},
{b, c, 1}
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By Remark 6.9, ConWDL(N5, ·∆N5 , ·∇N5) = ConWCL(N5, ·∆N5) = ConWDCL(N5, ·∇N5) = Con01(N5)∪{N 25 } =
{=C3 ⊞ =C4 ,=C3 ⊞ (=C2 ⊕ C
2
2 ⊕ =C2)} ∪ {N
2
5 } = {=N5 ,=C3 ⊞ (=C2 ⊕ C
2
2 ⊕ =C2),N
2
5 } ∼= C3, represented in the
second diagram above.
By Proposition 6.10, ConWCL(N5, ·∆a,c)) = {=C3 ⊞ (=C2 ⊕ =C2 ⊕ =C2), φ,N
2
5 } = {=C3 ⊞ =C4 , φ,N
2
5 } =
{=N5 , φ,N
2
5 }
∼= C3, represented in the third diagram above.
By Corollary 6.11, ConWCL(N5, ·∇a,b)) = {=C3 ⊞=C4 , ψ,N
2
5 } = {=N5 , ψ,N
2
5 }
∼= C3, represented in the fourth
diagram above.
Consequently: ConWDL(N5, ·∆N5 , ·∇a,b) = ConWDL(N5, ·∆a,c, ·∇N5 ) = ConWDL(N5, ·∆a,c, ·∇a,b) = {=N5 ,N
2
5 }
∼= C2.
7 On Complete Lattice Congruences that Preserve Representable
Weak Dicomplementations
For a further study of the properties recalled in this section, we refer the reader to [1].
Throughout this section, L will be a complete lattice. For any subsets J , M , A, B of L, let us denote by:
• piL,M (A) =
⋂
a∈A
[a)L ∩M ⊆M ,
• ρL,J(B) =
⋂
b∈B
(b]L ∩ J ⊆ J ,
and, for all a ∈ L, by piL,M (a) = piL,M ({a}) and by ρL,J(a) = ρL,J({a}).
Then the operation piL,M : P(J) → P(M) is the derivation on objects and ρL,J : P(M) → P(J) is the
derivation on attributes in the concept lattice B(J,M,≤), so we have B(J,M,≤) = {(C,D) | C ⊆ J,D ⊆
M,ρL,J(piL,M (C)) = C, piL,M (ρL,J(D)) = D}; see Section 3.
Let us notice that piL,N (A) = piL,M (A) ∩ N for any N ⊆ M , ρL,H(B) = ρL,J(B) ∩ H for any H ⊆ J and,
since L is complete, we have:
•
⋂
a∈A
piL,M (a) = piL,M (A) = [
∨
A)L ∩M = piL,M (
∨
A) and
•
⋂
b∈B
ρL,J(b) = ρL,J(B) = (
∧
B]L ∩ J = ρL,J(
∧
B), so:
• ρL,J(piL,M (A)) = (
∧
([
∨
A)L ∩M)]L ∩ J and piL,M (ρL,J(B)) = [
∨
((
∧
B]L ∩ J))L ∩M ,
so that B(J,M,≤) = {(C,D) | C ⊆ J,D ⊆M, (
∧
([
∨
C)L ∩M)]L ∩ J = C, [
∨
((
∧
D]L ∩ J))L ∩M = D}.
Throughout the rest of this section, assume that J is join–dense and M is meet–dense in L. Then, by the
properties recalled in Section 3, L ∼= B(J,M,≤), L can be endowed with the weak dicomplementation (·∆J , ·∇M )
and the map ϕL,J,M : L→ B(J,M,≤) defined by ϕL,J,M (x) = (J ∩ (x]L,M ∩ [x)L), is a weakly dicomplemented
lattice isomorphism from (L, ·∆J , ·∇M ) to the canonical weakly dicomplemented lattice B(J,M,≤), in particular
B(J,M,≤) = {(J ∩ (x]L,M ∩ [x)L) | x ∈ L}.
J and M are arbitrary; in particular, we may take J = M = L for the following notations. For any H ⊆ J
and any N ⊆M , we consider the following maps and equivalence relations:
ΠJ,M,H,N : B(J,M,≤)→ P(L)× P(L), (∀ (A,B) ∈ B(J,M,≤)) (ΠJ,M,H,N(A,B) = (A ∩H,B ∩N));
θJ,M,H,N = Ker(ΠJ,M,H,N ) = {((A,B), (C,D)) ∈ B(J,M,≤)
2 | A∩H = C∩H,B∩N = D∩N} ∈ Eq(B(J,M,≤));
ΛL,H,N = ΠJ,M,H,N ◦ ϕL,J,M : L→ P(L)× P(L), (∀x ∈ L) (ΛL,H,N(x) = (H ∩ (x]L, N ∩ [x)L));
ζL,H,N = Ker(ΛL,H,N) = ϕ
−1
L,J,M (θJ,M,H,N ) = {(x, y) ∈ L
2 | H ∩ (x]L = H ∩ (y]L, N ∩ [x)L = N ∩ [y)L} ∈ Eq(L).
Remark 7.1. Clearly, for any K ⊆ H ⊆ L and any P ⊆ N ⊆ L, we have ζL,H,N ⊆ ζL,K,P .
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Recall from Section 3 that the subcontext (H,N,≤) of (J,M,≤) is compatible iff the image of the map
ΠJ,M,H,N is included in B(H,N,≤), i.e. iff (A ∩ H,B ∩ N) ∈ B(H,N,≤) for every (A,B) ∈ B(J,M,≤), or,
equivalently, iff (H ∩ (x]L, N ∩ [x)L) = (J ∩ (x]L ∩H,M ∩ [x)L ∩ N) ∈ B(H,N,≤) for every x ∈ L, in view of
the fact that ϕL,J,M is a lattice isomorphism, which ensures us that ΛL,H,N is correctly and completely defined
as above.
Let us denote by:
CompatL(J,M) = {(H,N) | (H,N,≤) is a compatible subcontext of (J,M,≤)}
= {(H,N) | H ⊆ J,N ⊆M, (∀x ∈ L) ((H ∩ (x]L, N ∩ [x)L) ∈ B(H,N,≤))}
and by: Compat(L) = CompatL(L,L).
Remark 7.2. Clearly:
CompatL(J,M) = {(H,N) ∈ Compat(L) | H ⊆ J,N ⊆M}
= Compat(L) ∩ ((J ]P(L) × (M ]P(L)),
thus, for any J ⊆ K ⊆ L and any N ⊆ P ⊆ L, CompatL(J,M) = CompatL(K,P ) ∩ ((J ]P(L) × (M ]P(L)) ⊆
CompatL(K,P ).
By a result from [1, p.100], recalled in [6, Proposition 2.2], if (H,N,≤) is a compatible subcontext of (J,M,≤),
then the map ΠJ,M,H,N : B(J,M,≤)→ B(H,N,≤) is a surjective complete lattice morphism, thus so is the map
ΛL,H,N = ΠJ,M,H,N ◦ ϕL,J,M : L → B(H,N,≤), hence their kernels, θJ,M,H,N and ζL,H,N , are complete lattice
congruences: θJ,M,H,N ∈ Concplt(B(J,M,≤)) and ζL,H,N ∈ Concplt(L).
The converse of this implication does not hold, as shown by the following example.
Example 7.3. If the complete lattice L is nontrivial, then the subcontext (L, {1},≤) of (L,L,≤) induces the
complete congruence of L ζL,L,{1} = =L, but it is not a compatible subcontext of (L,L,≤). Indeed, if x ∈ L\{1},
then: ρL,L(piL,{1}(L ∩ (x]L)) = ρL,L(piL,{1}((x]L)) = ρL,L([
∨
(x]L)L ∩ {1}) = ρL,L([x)L ∩ {1}) =
ρL,L({1}) = (
∧
{1}]L ∩ L = (1]L ∩ L = L ∩ L = L 6= (x]L = L ∩ (x]L,
hence ((x]L, {1}) = (L ∩ (x]L, {1} ∩ [x)L) /∈ B(L, {1},≤), therefore (L, {1}) /∈ Compat(L).
Lemma 7.4. Let L be a complete lattice, H ⊆ J ⊆ L and N ⊆ M ⊆ L. If (H,N) ∈ Compat(L), then
B(H,N,≤) ∼= B(J,M,≤)/θJ,M,H,N .
Hence:
Proposition 7.5. Let L be a complete lattice. If (H,N) ∈ Compat(L), then B(H,N,≤) ∼= L/ζL,H,N .
Let us consider the following conditions:
cgWCL(L, J,M,H,N): {(m,n) ∈M ×N | J ⊆ (m]L ∪ (n]L} = {(m,n) ∈M ×N | H ⊆ (m]L ∪ (n]L}
cgWDCL(L, J,M,H,N): {(j, h) ∈ J ×H | M ⊆ [j)L ∪ [h)L} = {(j, h) ∈ J ×H | N ⊆ [j)L ∪ [h)L}
Remark 7.6. Clearly:
• conditions cgWCL(L, J,M, J,N) and cgWDCL(L, J,M,H,M) are trivial;
• for any H ⊆ K ⊆ J , cgWCL(L, J,M,H,N) implies cgWCL(L, J,M,K,N);
• for any N ⊆ P ⊆M , cgWDCL(L, J,M,H,N) implies cgWDCL(L, J,M,H, P ).
Now assume that (H,N,≤) is a compatible subcontext of (J,M,≤). Then, by [6, Theorems 2.3 and 2.5]:
• θL,H,N ∈ ConWCL(B(J,M,≤)) iff condition cgWCL(L, J,M,H,N) is satisfied;
• θL,H,N ∈ ConWDCL(B(J,M,≤)) iff condition cgWDCL(L, J,M,H,N) is satisfied.
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From the previous observations and the fact that ϕJ,M,H,N is an isomorphism of weakly dicomplemented
lattices from (L, ·∆J , ·∇M ) to B(J,M,≤) with its canonical weak dicomplementation, we obtain:
Proposition 7.7. Let L be a complete lattice, J a join–dense subset and M a meet–dense subset of L, H ⊆ J
and N ⊆M .
(i) Then: (H,N) ∈ CompatL(J,M) iff, for all x ∈ L, (H ∩ (x]L, N ∩ [x)L) ∈ B(H,N,≤) iff ζL,H,N ∈ Con(L)
iff ζL,H,N ∈ Concplt(L) iff (H,N) ∈ CompatL(K,P ) for any join–dense subset K and any meet–dense
subset P of L such that H ⊆ K and N ⊆ P iff (H,N) ∈ Compat(L).
(ii) If (H,N) ∈ Compat(L), then:
ζL,H,N ∈ ConWCL(L, ·∆J) iff cgWCL(L, J,M,H,N) is satisfied;
ζL,H,N ∈ ConWDCL(L, ·
∇M ) iff cgWDCL(L, J,M,H,N) is satisfied.
In view of Remark 7.6, we get:
Corollary 7.8. Let L be a complete lattice, J a join–dense subset and M a meet–dense subset of L.
• If (J,N) ∈ Compat(L), then ζL,J,N ∈ ConWCL(L, ·∆J).
• If (H,M) ∈ Compat(L), then ζL,H,M ∈ ConWDCL(L, ·∇M ).
• IfH ⊆ K ⊆ J , (H,N), (K,N) ∈ Compat(L) and ζL,H,N ∈ ConWCL(L, ·∆J), then ζL,K,N ∈ ConWCL(L, ·∆J).
• If N ⊆ P ⊆M , (H,N), (H,P ) ∈ Compat(L) and ζL,H,N ∈ ConWDCL(L, ·∇M ), then ζL,H,P ∈ ConWDCL(L,
·∇M ).
Corollary 7.9. Let L be a complete lattice, J a join–dense subset and M a meet–dense subset of L, and
(H,N,≤) a compatible subcontext of (J,M,≤). Let us consider the following conditions:
(≤)J,H : (∀ j ∈ J) (∃h ∈ H) (h ≤ j)
(≥)M,N : (∀m ∈M) (∃n ∈ N) (n ≥ m)
• If (≤)J,H is satisfied, then ζL,H,N ∈ ConWCL(L, ·∆J).
• If (≥)M,N is satisfied, then ζL,H,N ∈ ConWDCL(L, ·
∇M ).
• Thus, if (≤)J,H and (≥)M,N are satisfied, then ζL,H,N ∈ ConWDL(L, ·∆J , ·∇M ).
Proof. By Proposition 7.7, (ii), and the clear fact that (≤)J,H implies cgWCL(L, J,M,H,N), while (≥)M,N
implies cgWDCL(L, J,M,H,N).
Remark 7.10. If H ⊆ J ⊆ L and N ⊆M ⊆ L such that H , thus also J , is join–dense in L, while N , thus also
M , is meet–dense in L, then ϕL,J,M : (L, ·∆J , ·∇M )→ B(J,M,≤) and ϕL,H,N : (L, ·∆H , ·∇N )→ B(H,N,≤), are
weakly dicomplemented lattice isomorphisms and, for all x ∈ L, we have (ΠJ,M,H,N ◦ϕL,J,M)(x) = ΠJ,M,H,N (J ∩
(x]L,M ∩ [x)L) = (H ∩ (x]L, N ∩ [x)L), hence Π = ϕ
−1
L,H,N ◦ΠJ,M,H,N ◦ϕL,J,M is the identity map of L, therefore
ΠJ,M,H,N = ϕ
−1
L,J,M ◦Π ◦ ϕL,H,N is a weakly dicomplemented lattice isomorphism, so, by the above:
• (H,N) ∈ Compat(L);
• θJ,M,H,N = Ker(ΠJ,M,H,N ) = =B(J,M,≤), so that ζL,H,N = ϕ
−1
J,M (θJ,M,H,N ) = =L.
Let us retain from the previous remark that:
Proposition 7.11. If J is a join–dense and M is a meet–dense subset of a complete lattice L, then (J,M) ∈
Compat(L), but each of these compatible subcontexts of (L,L,≤) induces the congruence ζL,J,M = =L of L.
Moreover:
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Proposition 7.12. If J and M are subsets of a complete lattice L such that J is join–dense or M is meet–dense
in L, then ζL,J,M = =L.
Proof. If J is join–dense in L, then, for any (x, y) ∈ ζL,J,M , we have J ∩ (x]L = J ∩ (y]L, thus x =
∨
(J ∩ (x]L) =∨
(J ∩ (y]L) = y, hence ζL,J,M = =L. Analogously for the dual case when M is meet–dense in L.
Remark 7.13. If J is a join–dense and M is a meet–dense subset of a complete lattice L, then, for all a, b ∈ L:
piL,M (a) = piL,M (b) iff a = b iff ρL,J(a) = ρL,J(b), so that the context (J,M,≤) is clarified, in the sense from [1,
Definition 23,p.24].
Indeed, a = b implies piL,M (a) = piL,M (b) and ρL,J(a) = ρL,J(b), while piL,M (a) = piL,M (b) means that
[a)L ∩M = [b)L ∩M , which implies that a =
∧
([a)L ∩M) =
∧
([b)L ∩M) = b since M is meet–dense in L and,
dually, ρL,J(a) = ρL,J(b) implies that a = b because J is join–dense in L.
Since J is join–dense in L and M is meet–dense in L, we have Sji(L) ⊆ J and Smi(L) ⊆M .
Now, with the terminology from [1], let us denote by Jirr ⊆ J the set of the irreducible objects and by
Mirr ⊆ M the set of the irreducible attributes of the clarified context (J,M,≤), so that, for any a ∈ J and any
b ∈M , we have:
• a ∈ Jirr iff there exists no G ⊆ J such that a /∈ G and piL,M (a) = piL,M (G);
• b ∈Mirr iff there exists no Q ⊆M such that b /∈ Q and ρL,J(b) = ρL,J(Q).
Then:
• Sji(L) ⊆ Jirr and Smi(L) ⊆Mirr;
• if L is dually algebraic, then Jirr = Sji(L);
• if L is algebraic, then Mirr = Smi(L).
Indeed, let a ∈ Sji(L) and let G ⊆ J such that piL,M (a) = piL,M (G) = piL,M (
∨
G). But then, by the above
(the context (J,M,≤) is clarified), it follows that a =
∨
G, hence a ∈ G since a is strictly join–irreducible,
therefore a ∈ Jirr. Hence Sji(L) ⊆ Jirr.
Now assume that L is dually algebraic and let a ∈ L such that a /∈ Sji(L), so that a =
∨
S for some S ⊆ L
with a /∈ S. But, since L is dually algebraic, every s ∈ S satisfies s =
∨
Gs for some Gs ⊆ Sji(L). Thus, if we
denote by G =
⋃
s∈S
Gs, then a =
∨
G and G ⊆ Sji(L) ⊆ J , so that a /∈ G since a /∈ Sji(L), therefore a /∈ Jirr.
Hence Jirr ⊆ Sji(L), thus Jirr = Sji(L) since the converse inclusion always holds.
By duality, we obtain the statements on Mirr and Smi(L).
Let us note that:
cgWCL(L, J, Smi(L), H,N ∩ Smi(L)): {(m,n) ∈ Smi(L)× (N ∩ Smi(L)) | J ⊆ (m]L ∪ (n]L} =
{(m,n) ∈ Smi(L)× (N ∩ Smi(L)) | H ⊆ (m]L ∪ (n]L}
cgWDCL(L, Sji(L),M,H ∩ Sji(L), N): {(j, h) ∈ Sji(L)× (H ∩ Sji(L)) | M ⊆ [j)L ∪ [h)L} =
{(j, h) ∈ Sji(L)× (H ∩ Sji(L)) | N ⊆ [j)L ∪ [h)L}
Note that, if L is complete and algebraic, then the meet–dense subsets of L are exactly its subsets that
include Smi(L), while, if L is complete and dually algebraic, then the join–dense subsets of L are exactly its
subsets that include Sji(L).
Remark 7.14. If the complete lattice L is algebraic and dually algebraic, then L ∼= B(Sji(L), Smi(L),≤) ∼=
B(J,M,≤), and we have J ⊇ Sji(L) and M ⊇ Smi(L). Then, by Remark 7.13 and [6, Proposition 2.6], we have:
• θJ,M,H,N ∈ ConWCL(B(J,M,≤)) iff cgWCL(L, J, Smi(L), H,N ∩ Smi(L)) is satisfied;
• θJ,M,H,N ∈ ConWDCL(B(J,M,≤)) iff cgWDCL(L, Sji(L),M,H ∩ Sji(L), N) is satisfied.
Proposition 7.15. Let L be a complete algebraic and dually algebraic lattice and let J , M , H and N be subsets
of L such that Sji(L) ⊆ J ⊇ H and Smi(L) ⊆M ⊇ N . If (H,N) ∈ Compat(L), then:
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• ζL,H,N ∈ ConWCL(L, ·∆J) iff cgWCL(L, J, Smi(L), H,N ∩ Smi(L)) is satisfied iff ζL,H,N∩Smi(L) ∈
ConWCL(L, ·∆J);
• ζL,H,N ∈ ConWDCL(L, ·∇M ) iff cgWDCL(L, Sji(L),M,H ∩ Sji(L), N) is satisfied iff ζL,H∩Sji(L),N ∈
ConWDCL(L, ·∇M ).
Proof. By Remark 7.14 and Proposition 7.7.
Remark 7.16. Let L be a complete algebraic and dually algebraic lattice and let (H,N,≤) be a compatible
subcontext of (Sji(L), Smi(L),≤).
If L has no nontrivial weak complementations, so that ·∆Sji(L) is the trivial weak complementation on L and
condition ¬ sg∆(L, Sji(L), Smi(L)) fails, then, for any (m,n) ∈ Smi(L) × N , we have Sji(L) * (m]L ∪ (n]L, in
particular condition ¬ sg∆(L, Sji(L), N) fails, thus:
• ζL,H,N ∈ ConWCL(L, ·∆Sji(L)) = Con1(L) ∪ L2 iff (∀ (m,n) ∈ Smi(L)×N) (H * (m]L ∪ (n]L);
• the lattice B(Sji(L), N) can only be endowed with the trivial weak complementation.
Dually, if L has no nontrivial dual weak complementations, so that ·∆Smi(L) is the trivial dual weak comple-
mentation on L, then, for any (j, h) ∈ Sji(L)×H , we have Smi(L) * [j)L ∪ [h)L, thus:
• ζL,H,N ∈ ConWDCL(L, ·∇Smi(L)) = Con0(L) ∪ L2 iff (∀ (j, h) ∈ Sji(L)×H) (N * [j)L ∪ [h)L);
• the lattice B(H, Smi(L)) can only be endowed with the trivial dual weak complementation.
Remark 7.17. For any X ⊆ Y ⊆ L, we have: piL,M (X) ⊆ piL,M (Y ) and ρL,J(X) ⊆ ρL,J(Y ), hence
ρL,J(piL,M (X)) ⊆ ρL,J(piL,M (Y )) and piL,M (ρL,J(X)) ⊆ piL,M (ρL,J(Y )).
For any x ∈ L, we have, since
∨
(J ∩ (x]L) ≤ x ≤
∧
(M ∩ [x)L):
piL,M (J ∩ (x]L) = [
∨
(J ∩ (x]L))L ∩M ⊇M ∩ [x)L, and piL,M (J ∩ (x]L) =M ∩ [x)L if J ∩ (x]L is join–dense
in (x]L, in particular if J is join–dense in L;
ρL,J(M ∩ [x)L) = (
∧
(M ∩ [x)L)]L ∩M ⊇ J ∩ (x]L, and ρL,J(M ∩ [x)L) = J ∩ (x]L if M ∩ [x)L is meet–dense
in [x)L, in particular if M is meet–dense in L;
hence ρL,J(piL,M (J ∩ (x]L)) ⊇ J ∩ (x]L and piL,M (ρL,J(M ∩ [x)L)) ⊇M ∩ [x)L;
also, if J ∩ (x]L is join–dense in (x]L and M ∩ [x)L is meet–dense in [x)L, in particular if J is join–dense and
M is meet–dense in L, then ρL,J(piL,M (J ∩ (x]L)) = J ∩ (x]L and piL,M (ρL,J(M ∩ [x)L)) =M ∩ [x)L.
Remark 7.18. Notice that, for any subsets H and N of L, we have:
• =L = ζL,L,L and L
2 = ζL,{0},{1} = ζL,∅,∅ and it is immediate that (L,L), ({0}, {1}) ∈ Compat(L); see also
Proposition 8.4 below;
• ζL,H,N = ζL,H\{0},N\{1}, which is easily seen by the definitions of these equivalences;
• (H,N) ∈ Compat(L) iff (H \ {0}, N \ {1}) ∈ Compat(L).
Indeed, to prove the previous equivalence, note that, for all x ∈ L, we have: (H\{0})∩(x]L = (H∩(x]L)\{0},
(N \ {1}) ∩ [x)L = (N ∩ [x)L) \ {1}, and:
piL,N\{1}((H \ {0}) ∩ (x]L) = [
∨
((H \ {0}) ∩ (x]L))L ∩ (N \ {1}) = [
∨
(H ∩ (x]L))L ∩ (N \ {1}) = ([
∨
(H ∩
(x]L))L ∩N) \ {1} = piL,N(H ∩ (x]L) \ {1} and,
analogously, ρL,H\{0}((N \ {1}) ∩ [x)L) = ρL,H(N ∩ [x)L) \ {0},
thus ρL,H\{0}(piL,N\{1}((H \ {0}) ∩ (x]L)) = ρL,H(piL,N (H ∩ (x]L)) \ {0}
and piL,N\{1}(ρL,H\{0}((N \ {1}) ∩ [x)L)) = piL,N(ρL,H(N ∩ [x)L)) \ {1}.
Hence, if ρL,H(piL,N (H ∩ (x]L)) = H ∩ (x]L, then ρL,H\{0}(piL,N\{1}((H \ {0}) ∩ (x]L)) = (H \ {0}) ∩ (x]L.
The converse trivially holds when 0 /∈ H , while, if 0 ∈ H and thus 0 ∈ H ∩ (x]L, then 0 ∈ ρL,H(piL,N (H ∩ (x]L))
by Remark 7.17, so the converse holds in this case, as well.
Analogously, piL,N(ρL,H(N ∩ [x)L)) = N ∩ [x)L iff piL,N\{1}(ρL,H\{0}((N \ {1}) ∩ [x)L)) = (N \ {1}) ∩ [x)L.
Hence (H∩(x]L, N ∩ [x)L) ∈ B(H,N,≤) iff ((H \{0})∩(x]L, (N \{1})∩ [x)L) ∈ B(H \{0}, N \{1},≤), which
proves that (H,N,≤) is a compatible subcontext of (L,L,≤) iff (H \ {0}, N \ {1},≤) is a compatible subcontext
of (L,L,≤).
For instance, by Example 7.3, if L is nontrivial, then (L, ∅) /∈ Compat(L) and, dually, (∅, L) /∈ Compat(L).
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Remark 7.19. Let H and N be subsets of L, K ∈ {H \ {0}, H,H ∪{0}} and P ∈ {N \ {1}, N,N ∪{1}}. Then,
by Remarks 7.18, 7.17 and 7.1, we have:
• (H,N) ∈ Compat(L) iff (K,P ) ∈ Compat(L);
• ζL,H,N = ζL,K,P .
Now let J andM be subsets of L, G ∈ {J \{0}, J, J ∪{0}} and Q ∈ {M \{1},M,M ∪{1}} such that H ⊆ J ,
N ⊆M , K ⊆ G and P ⊆ Q. Then, clearly:
• cgWCL(L, J,M,H,N) is equivalent to cgWCL(L,G,Q,K, P );
• cgWDCL(L, J,M,H,N) is equivalent to cgWDCL(L,G,Q,K, P ).
8 On Lattice Congruences Preserving Representable Weak Dicom-
plementations in Sublattices and Ordinal and Horizontal Sums
Throughout this section, L will be a complete lattice.
Proofs for the following lemma and proposition can be derived from results in [1], but, for the sake of
completeness, we include these lattice–theoretical arguments here.
Lemma 8.1. Let L be a complete lattice and (H,N) ∈ Compat(L). Then, for every u ∈ L:
• u/ζL,H,N ∩H ⊆ {min(u/ζL,H,N)};
• u/ζL,H,N ∩N ⊆ {max(u/ζL,H,N)}.
Proof. Since ζL,H,N is a complete congruence of L, we have, for each u ∈ L: u/ζL,H,N = [mu,Mu]L for some
mu,Mu ∈ L.
Let (x, y) ∈ ζL,H,N . Then, by the definition of ζL,H,N , if x, y ∈ H or x, y ∈ N , then x = y. Hence
|u/ζL,H,N ∩H | ≤ 1 and |u/ζL,H,N ∩N | ≤ 1 for all u ∈ L.
Let u ∈ L. If mu < u ∈ L, then u ∈ H ∩ (u]L, but u /∈ H ∩ (mu]L, which contradicts the fact that
(u,mu) ∈ ζL,H,N . Hence u/ζL,H,N ∩H ⊆ {mu}. Similarly, u/ζL,H,N ∩N ⊆ {Mu}.
Lemma 8.2. Let L be a complete lattice, ζ ∈ Concplt(L) and, for all u ∈ L, u/ζ = [mu,Mu]L. Then, for any
s, t ∈ L, we have:
• ms ≤ t iff ms ≤ mt, thus m1 = max{mu | u ∈ L};
• s ≤Mt iff Ms ≤Mt, thus M0 = min{Mu | u ∈ L}.
Proof. Since mt ≤ t, ms ≤ mt implies ms ≤ t. Conversely, if ms ≤ t, then ms/ζ ≤ t/ζ = mt/ζ, so that ms/ζ =
(ms ∧mt)/ζ, hence ms ≤ ms ∧mt since ms = min(ms/ζ), thus ms ≤ mt. Therefore m1 = max{mu | u ∈ L}.
By duality, we get the statements on the maxima of the classes of ζ.
Remark 8.3. Of course, with the notations in Lemma 8.2:
• m0 = 0 = min{mu | u ∈ L};
• M1 = 1 = max{Mu | u ∈ L}.
Proposition 8.4. Let L be a complete lattice, ζ ∈ Concplt(L) and, for all u ∈ L, u/ζ = [mu,Mu]L. Then:
• ({mu | u ∈ L}, {Mu | u ∈ L}) ∈ Compat(L);
• ζ = ζL,{mu|u∈L},{Mu|u∈L} and, moreover, ({mu | u ∈ L}, {Mu | u ∈ L}) is the largest subcontext (H,N,≤)
of (L,L,≤) with the property that ζ = ζL,H,N .
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Proof. Let us denote by H = {mu | u ∈ L} and by N = {Mu | u ∈ L}. Then, for all u ∈ L, we have mu ≤ u,
thus H ∩ (mu]L ⊆ H ∩ (u]L, while, if, for some v ∈ L, we have mv ≤ u, then mv ≤ mu by Lemma 8.2, hence
H ∩ (u]L ⊆ H ∩ (mu]L; therefore H ∩ (mu]L = H ∩ (u]L, and, analogously, N ∩ [Mu)L = N ∩ [u)L, hence
H ∩ (mu]L = H ∩ (u]L = H ∩ (Mu]L and N ∩ [Mu)L = N ∩ [u)L = N ∩ [mu)L.
For all (x, y) ∈ ζ, we have mx = my, thus H ∩ (x]L = H ∩ (mx]L = H ∩ (my]L = H ∩ (y]L and, analogously,
N ∩ [x)L = N ∩ [y)L, thus (x, y) ∈ ζL,H,N .
If (x, y) ∈ ζL,H,N , then H∩(mx]L = H∩(x]L = H∩(y]L = H∩(my]L and N∩[mx)L = N∩[x)L = N∩[y)L =
N ∩ [my)L, thus mx/ζL,H,N = x/ζL,H,N = y/ζL,H,N) = my/ζL,H,N and hence mx,my ∈ x/ζL,H,N . By Lemma
8.1, {mx} ⊇ x/ζL,H,N ∩H = y/ζL,H,N ∩H ⊆ {my}. Therefore {mx} = x/ζL,H,N ∩H = y/ζL,H,N ∩H = {my},
hence mx = my, thus (x, y) ∈ ζ.
Therefore ζ = ζL,H,N .
By Lemma 8.1, if ζ = ζL,K,P for some (K,P ) ∈ Compat(L), then, for all u ∈ L, u/ζ ∩ K ⊆ {mu}, thus
K = L ∩K = (
⋃
u∈L
u/ζ) ∩K =
⋃
u∈L
(u/ζ ∩K) ⊆ {mu | u ∈ L} = H , and, analogously, P ⊆ N .
It remains to prove that (H,N,≤) is a compatible subcontext of (L,L,≤). For any x ∈ L, we have:
piL,N(H ∩ (x]L) = [
∨
(H ∩ (x]L))L ∩N = [mx)L ∩N, thus:
ρL,H(piL,N (H ∩ (x]L)) = ρL,H([mx)L ∩N) = (
∧
([mx)L ∩N)]L ∩H = H ∩ (Mx]L = H ∩ (x]L,
and, similarly, piL,N (ρL,H(N ∩ [x)L)) = N ∩ [mx)L = N ∩ [x)L,
hence (H ∩ (x]L, N ∩ [x)L) ∈ B(H,N,≤), therefore (H,N) ∈ Compat(L).
Corollary 8.5. For any complete lattice L, Concplt(L) = {ζL,H,N | (H,N) ∈ Compat(L)}.
Remark 8.6. Of course, Concplt(L) is a complete bounded sublattice of Concplt(L), in which:
• =L = ζL,{0},{1} = ζL,∅,∅ and L
2 = ζL,L,L;
• if (θt)t∈T ⊆ Concplt(L), then
∨
t∈T
θt = ζL,V,W and
⋂
t∈T
θt = ζL,X,Y , where (V,W,≤) and (X,Y,≤) are the
compatible subcontexts of (L,L,≤) associated to the congruences
∨
t∈T
θt and
⋂
t∈T
θt as in Proposition 8.4,
so that:
V = {
∧
t∈T
min(u/θt) | u ∈ L} and W = {
∨
t∈T
max(u/θt) | u ∈ L};
X = {
∨
t∈T
min(u/θt) | u ∈ L} and Y = {
∧
t∈T
max(u/θt) | u ∈ L}.
Corollary 8.7. Let L be a complete lattice, ζ ∈ Concplt(L), for all u ∈ L, u/ζ = [mu,Mu]L, J a join–dense
subset and M a meet–dense subset of L such that {mu | u ∈ L} ⊆ J and {Mu | u ∈ L} ⊆M . Then:
• ζ ∈ ConWCL(L, ·∆J) iff J ⊆ (m]L for every m ∈M ∩ 1/ζ;
• ζ ∈ ConWDCL(L, ·∇M ) iff M ⊆ [j)L for every j ∈ J ∩ 0/ζ.
Proof. Let H = {mu | u ∈ L}, N = {Mu | u ∈ L}. Then, by Proposition 8.4 and Proposition 7.7, (ii),
(H,N) ∈ Compat(L) and ζ = ζL,H,N , thus: ζ ∈ ConWCL(L, ·
∆J) iff condition cgWCL(L, J,M,H,N) is satisfied
iff, for all m ∈M and all n ∈ N , H ⊆ (m]L∪ (n]L implies J ⊆ (m]L∪ (n]L, since the converse implication always
holds, because H ⊆ J .
Let m ∈ M and n ∈ N , so that n = Ma for some a ∈ L. Then, by Lemma 8.2: H ⊆ (m]L ∪ (n]L iff
{mu | u ∈ L} ⊆ (m]L ∪ (Ma]L iff m1 ∈ (m]L ∪ (Ma]L iff m1 ∈ (m]L or m1 ∈ (Ma]L iff m1 ≤ m or m1 ≤ Ma iff
m ∈ 1/ζ or 1 =M1 ≤Ma iff m ∈M ∩ 1/ζ or n =Ma = 1, the latter being equivalent to a = 1.
Since J ⊆ L = (1]L, it follows that: ζ ∈ ConWCL(L, ·∆J) iff J ⊆ (m]L for all m ∈M ∩ 1/ζ.
By duality, we get the characterization of ζ ∈ ConWDCL(L, ·∇M ).
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Remark 8.8. With the notations in Corollary 8.7, if J = {mu | u ∈ L}, then J ∩ 0/ζ = {0}, thus ζ ∈
ConWDCL(L, ·∇M ), while, if M = {Mu | u ∈ L} then M ∩ 1/ζ = {1}, thus ζ ∈ ConWCL(L, ·∆J). However, by
Proposition 7.12, in any of these cases, we have ζ = =L.
Remark 8.9. Let S be a sublattice of a lattice L and H , N subsets of L. Then, for any x ∈ L, we have
(x]S = S ∩ (x]L and [x)S = S ∩ [x)L.
Now assume that L is a complete lattice and S is a complete sublattice of L. Then, for any x, y ∈ L:
• (x, y) ∈ ζL,H,N iff H ∩ (x]L = H ∩ (y]L and N ∩ [x)L = N ∩ [y)L;
• if x, y ∈ S, then: (x, y) ∈ ζS,H∩S,N∩S iff H ∩ S ∩ (x]S = H ∩ S ∩ (y]S and N ∩ S ∩ [x)S = N ∩ S ∩ [y)S iff
H ∩ S ∩ (x]L = H ∩ S ∩ (y]L and N ∩ S ∩ [x)L = N ∩ S ∩ [y)L.
Hence ζL,H,N ∩ S2 ⊆ ζS,H∩S,N∩S.
Recall from Section 3 that, for any h, n ∈ L, we have:
• hրL n iff n ∈Max{x ∈ L : h  x}
• nցL h iff h ∈Min{x ∈ L : x  n}
Recall, also, that: (H,N) ∈ CompatL(J,M) iff (H,N) is closed w.r.t. րJ,M and ցJ,M , hence (H,N) ∈
Compat(L) iff (H,N) is closed w.r.t. րL and ցL, that is iff, for all h, n ∈ L:
• if h ∈ H and hրL n, then n ∈ N ;
• if n ∈ N and nցL h, then h ∈ H .
This characterization of compatible subcontexts provides us with another argument for the first statement
in Remark 7.19, as well as the following observation:
Remark 8.10. If (H,N), (K,P ) ∈ Compat(L), then (H ∩K,N ∩ P ) ∈ Compat(L).
Example 8.11. Let us consider the finite distributive lattice L ∼= C2 × C3, with the elements denoted as in
the following Hasse diagram, along with its convex sublattices S, T , V and its subsets H , N , K, P with the
following elements:
L:
rr r
r rr
❅
❅
❅
❅
❅
❅
❅
❅
 
 
 
 
 
 
0
1
u h
n v
S = {0, h, u, v} ∼= C22
T = {u, v, n, 1} ∼= C22
V = {u, v} ∼= C2
H = {h}, N = {n}
K = {h, n}, P = {n, v}
Since:
Max{x ∈ L | h  x} = {n} = N ⊂ P , Min{x ∈ L | x  n} = {h} = H ⊂ K,
Max{x ∈ L | n  x} = {v} ⊂ P and Min{x ∈ L | x  v} = {n} ⊂ K,
and thus (H,N) and (K,P ) are arrow–closed, it follows that (H,N), (K,P ) ∈ Compat(L).
But (H ∩ S,N ∩ S) = ({h}, ∅) /∈ Compat(S), because Max{x ∈ S | h  x} = {u} * ∅ = N ∩ S. Note that:
{(x, y) ∈ L2 | H ∩ (x]L = H ∩ (y]L} = eq({0, u, n}, {h, v, 1}) and
{(x, y) ∈ L2 | N ∩ [x)L = N ∩ [y)L} = eq({0, h, u, v}, {n, 1}),
hence ζL,H,N = eq({0, u}, {h, v}, {n}, {1}), and:
ζS,H∩S,N∩S = {(x, y) ∈ S
2 | H ∩ S ∩ (x]S = H ∩ S ∩ (y]S} = eq({0, u}, {h, v}) = ζL,H,N ∩ S
2.
We do not need one empty intersection to obtain such an example. Indeed, (K ∩ S, P ∩ S) = ({h}, {v})
= (H ∩ S, (N ∩ S)∪ {1S}) /∈ Compat(S), by Remark 7.19 and the fact that (H ∩ S,N ∩ S) /∈ Compat(S). Also:
{(x, y) ∈ L2 | K ∩ (x]L = K ∩ (y]L} = eq({0, u}, {h, v}, {n}, {1}) = {(x, y) ∈ L2 | P ∩ [x)L = P ∩ [y)L},
hence ζL,K,P = eq({0, u}, {h, v}, {n}, {1}), and:
{(x, y) ∈ S2 | K∩S∩(x]S = K∩S∩(y]S} = {(x, y) ∈ S2 | H∩S∩(x]S = H∩S∩(y]S} = eq({0, u}, {h, v}) =
{(x, y) ∈ S2 | P ∩ S ∩ [x)S = P ∩ S ∩ [y)S},
hence ζS,K∩S,P∩S = eq({0, u}, {h, v}) = ζL,K,P ∩ S2.
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But we also have (H ∩ T,N ∩ T ) = (∅, {n}) /∈ Compat(T ), because Min{x ∈ T | x  n} = {v} * ∅ = H ∩ T ,
and ζT,H∩T,N∩T = {(x, y) ∈ T 2 | N ∩ T ∩ [x)T = N ∩ T ∩ [y)T } = eq({u, n}, {v, 1}) ) =T = ζL,H,N ∩ T 2.
We can obtain such an example even with the intersection of the compatible context with the sublattice
being a compatible context of the sublattice. Indeed, (H ∩ V,N ∩ V ) = (∅, ∅) ∈ Compat(V ), and ζV,H∩V,N∩V =
ζV,∅,∅ = V
2 ) =V = ζL,H,N ∩ V 2.
Example 8.12. Let us consider the finite distributive lattice L ∼= C22 ⊕ C
2
2 , with the elements denoted as in
the following Hasse diagram, along with its convex sublattice S and its subsets H , N , J , M with the following
elements:
L:
rr r
rr r
r
❅❅   
 
 
 
❅
❅
❅
❅❅  
0
1
a b
c
d e S = {0, a, b, c}
∼= C22
H = {a, d, e}, N = {b, d, e}
J =M = {a, b, c, d, e}
We have:
Max{x ∈ L | a  x} = Min{x ∈ L | x  a} = {b} ⊂ N ⊂M = J ,
Max{x ∈ L | b  x} = Min{x ∈ L | x  b} = {a} ⊂ H ⊂ J =M ,
Max{x ∈ L | c  x} = {a, b} ⊂M , Min{x ∈ L | x  c} = {d, e} ⊂ J ,
Max{x ∈ L | d  x} = Min{x ∈ L | x  d} = {e} ⊂ H ∩N ⊂ J =M and
Max{x ∈ L | e  x} = Min{x ∈ L | x  e} = {d} ⊂ H ∩N ⊂ J =M ,
therefore (J,M), (H,N) ∈ Compat(L), so that (J ∪ {0},M ∪ {1}) ∈ Compat(L) by Remark 7.19, and (H,N) ∈
CompatL(J,M) ⊆ CompatL(J ∪ {0},M ∪ {1}).
We have J ∩ S =M ∩ S = {a, b, c}, H ∩ S = {a} and N ∩ S = {b}.
Max{x ∈ S | a  x} = Min{x ∈ S | x  a} = {b} = N ∩ S ⊂ J ∩ S =M ∩ S,
Max{x ∈ S | b  x} = Min{x ∈ S | x  b} = {a} ⊂ H ∩ S ⊂M ∩ S = J ∩ S,
Max{x ∈ S | c  x} = {a, b} ⊂M ∩ S and Min{x ∈ S | x  c} = Min(∅) = ∅ ⊂ J ∩ S,
therefore (J∩S,M ∩S), (H∩S,N ∩S) ∈ Compat(S), so that ((J ∪{0})∩S, (M ∪{1})∩S) = ((J ∩S)∪{0}, (M ∩
S)∪ {1}) ∈ Compat(S) by Remark 7.19, and (H ∩ S,N ∩ S) ∈ CompatS(J ∩ S,M ∩ S) ⊆ CompatS((J ∪ {0})∩
S, (M ∪ {1}) ∩ S).
Note that J ∪ {0} is join–dense and M ∪ {1} is meet–dense in L, while (J ∪ {0}) ∩ S is join–dense and
(M ∪ {1}) ∩ S is meet–dense in S.
For any m ∈M and any n ∈ N , we have:
if H ⊆ (m]L ∪ (n]L, then d, e ∈ (m]L ∪ (n]L, hence J ⊆ (m]L ∪ (n]L,
hence condition cgWCL(L, J,M,H,N) is satisfied, thus condition cgWCL(L, J ∪{0},M ∪{1}, H,N) is satisfied,
according to Remark 7.19.
Note that condition cgWCL(S, J ∩ S,M ∩ S,H ∩ S,N ∩ S) is equivalent to:
{m ∈M ∩ S | J ∩ S ⊆ (m]S ∪ (b]S} = {m ∈M ∩ S | a ∈ (m]S ∪ (b]S};
but a ∈ {m ∈ M ∩ S | a ∈ (m]S ∪ (b]S}, while a /∈ {m ∈ M ∩ S | J ∩ S ⊆ (m]S ∪ (b]S}, hence condition
cgWCL(S, J ∩S,M ∩S,H ∩S,N ∩S) fails, thus condition cgWCL(S, (J ∪{0})∩S, (M ∪{1})∩S,H ∩S,N ∩S)
fails, by Remark 7.19.
By Proposition 7.7, (ii), we have: ζL,H,N ∈ ConWCL(L, ·
∆(J∪{0})), but ζS,H∩S,N∩S /∈ ConWCL(S, ·
∆((J∪{0})∩S)).
Additionally:
{(x, y) ∈ L2 | H ∩ (x]L = H ∩ (y]L} = {(x, y) ∈ L2 | N ∩ [x)L = N ∩ [y)L} = eq({0, b}, {a, c}, {d}, {e}, {1}),
hence ζL,H,N = eq({0, b}, {a, c}, {d}, {e}, {1}), while:
{(x, y) ∈ S2 | H ∩ S ∩ (x]S = H ∩ S ∩ (y]S} = {(x, y) ∈ S2 | a ≤ x⇔ a ≤ y} = eq({0, b}, {a, c}) = {(x, y) ∈
S2 | x ≤ b ⇔ y ≤ b} = {(x, y) ∈ S2 | N ∩ S ∩ [x)S = N ∩ S ∩ [y)S}, hence ζS,H∩S,N∩S = eq({0, b}, {a, c}) =
ζL,H,N ∩ S2.
As shown by the previous two examples:
Proposition 8.13. Let L be a complete lattice, S a complete sublattice of L, H ⊆ J ⊆ L and N ⊆ M ⊆ L.
Then:
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• (H,N) ∈ Compat(L) does not imply (H ∩ S,N ∩ S) ∈ Compat(S), even when L is finite and distributive
and S is a convex sublattice of L;
• ζS,H∩S,N∩S is not necessarily equal to ζL,H,N ∩ S2, even when L is finite and distributive, S is a convex
sublattice of L, (H,N) ∈ Compat(L) and (H ∩ S,N ∩ S) ∈ Compat(S);
• ζS,H∩S,N∩S = ζL,H,N ∩S
2 and (H,N) ∈ Compat(L) do not imply (H ∩S,N ∩S) ∈ Compat(S), even when
L is finite and distributive and S is a convex sublattice of L;
• cgWCL(L, J,M,H,N) does not imply cgWCL(S, (J ∪ {0}) ∩ S, (M ∪ {1})∩ S,H ∩ S,N ∩ S) and, dually,
cgWDCL(L, J,M,H,N) does not imply cgWDCL(S, (J∪{0})∩S, (M∪{1})∩S,H∩S,N∩S), even when L
is finite and distributive, S is a convex sublattice of L, (H,N) ∈ Compat(L), (H ∩S,N ∩S) ∈ Compat(S),
J is join–dense and M is meet–dense in L, J ∩ S is join–dense and M ∩ S is meet–dense in S and
ζS,H∩S,N∩S = ζL,H,N ∩ S2;
• consequently, if (H,N) ∈ Compat(L) and (H ∩ S,N ∩ S) ∈ Compat(S), J is join–dense and M is meet–
dense in L, while J ∩ S is join–dense and M ∩ S is meet–dense in S, then ζL,H,N ∈ ConWCL(L, ·
∆J)
does not imply ζS,H∩S,N∩S ∈ ConWCL(S, ·∆(J∩S)) and, dually, ζL,H,N ∈ ConWDCL(L, ·∇M ) does not imply
ζS,H∩S,N∩S ∈ ConWDCL(S, ·∇(M∩S)), even when L is finite and distributive, S is a convex sublattice of L
and ζS,H∩S,N∩S = ζL,H,N ∩ S2.
Remark 8.14. If L is a complete lattice and H , N are subsets of L, then:
• if 1 ∈ H , then 1/ζL,H,N = {1};
• if 0 ∈ N , then 0/ζL,H,N = {0}.
In particular, if (H,N) ∈ Compat(L), then:
• if 1 ∈ H , then ζL,H,N ∈ Con1(L);
• if 0 ∈ N , then ζL,H,N ∈ Con0(L).
Until mentioned otherwise, L and M will be nontrivial complete lattices, c will be the common element of L
and M in the ordinal sum L⊕M , H and N subsets of L⊕M , J a join–dense subset of M such that H ∩M ⊆ J
and P a meet–dense subset of L such that N ∩ L ⊆ P .
Remark 8.15. Then L ∪ J is join–dense and P ∪M is meet–dense in L⊕M , and it is routine to prove that:
• ·∆(L∪J) |L is the trivial weak complementation on L and ·∆(L∪J) |M= ·∆J ;
• ·∇(P∪M) |L= ·∇P and ·∇(P∪M) |M is the trivial dual weak complementation on M .
Lemma 8.16. For any α ∈ Eq(L) and any β ∈ Eq(M), the following are equivalent:
• α⊕ β = ζL⊕M,H,N ;
• α = ζL,H∩L,N∩L and β = ζM,H∩M,N∩M .
Proof. Routine.
Proposition 8.17. (H,N) ∈ Compat(L ⊕M) iff all the following conditions hold:
• (H ∩ L,N ∩ L) ∈ Compat(L);
• (H ∩M,N ∩M) ∈ Compat(M);
• if c ∈ Smi(M) and c+ ∈ H, then c ∈ N ;
• if c ∈ H, then CoAt(L) ⊆ N ;
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• if c ∈ Sji(L) and c− ∈ N , then c ∈ H;
• if c ∈ N , then At(M) ⊆ H.
Proof. Let us denote by A = L⊕M , and let h, n ∈ A.
If h, n ∈ L, then, clearly, hրA n iff hրL n, and nցA h iff nցL h.
Similarly, if h, n ∈M , then: hրA n iff hրM n, and nցA h iff nցM h.
If h ∈ L and n ∈M , then, obviously, (h, n) /∈րA and (n, h) /∈ցA.
Now assume that h ∈M and n ∈ L.
Then hրA n iff we are in one of the following situations:
• n = c and h ≤ x for all x ∈M \ {c}, or
• h = c and n ∈Max(L \ {c}),
iff one of the following holds:
• n = c ∈ Smi(M) and h = c+, or
• h = c and n ∈ CoAt(L).
Dually, nցA h iff we are in one of the following situations:
• h = c and x ≤ n for all x ∈ L \ {c}, or
• n = c and h ∈Min(M \ {c}),
iff one of the following holds:
• h = c ∈ Sji(L) and n = c−, or
• n = c and h ∈ At(M).
By the characterization of compatible subcontexts recalled above, the statements in the enunciation follow.
Remark 8.18. Since J is join–dense in M and P is meet–dense in L, J and P are nonempty. Furthermore,
since the lattices L and M are nontrivial, we also have J 6= {c} 6= P , so that J * {c} and P * {c}, that is
J * L and P *M .
Let us establish the following notations, for any subsets S, T , U of a lattice A:
¬ all below(A,S, T, U): (∀ s ∈ S) (∀ t ∈ T ) (∃u ∈ U) (u /∈ (s]A ∪ (t]A)
¬ all above(A,S, T, U): (∀ s ∈ S) (∀ t ∈ T ) (∃u ∈ U) (u /∈ [s)A ∪ [t)A)
Remark 8.19. For any subsets S, U of a bounded lattice A: ¬ all below(A,S, S, U) is exactly the negation of
condition ¬sg∆(A,U, S), thus, if a complete lattice A is algebraic and dually algebraic, then: A has no nontrivial
weak complementation iff ¬ all below(A, Smi(A), Smi(A), Sji(A)) is satisfied, thus, dually: A has no nontrivial
dual weak complementation iff ¬ all above(A, Sji(A), Sji(A), Smi(A)) is satisfied.
Remark 8.20. • If H ∩M 6= ∅ or N ∩ L 6= ∅, then ¬ all below(L⊕M,P,N ∩ L,H) is satisfied;
• if c ∈ N and H ∩M = ∅, then ¬ all below(L⊕M,P,N ∩ L,H) fails.
And, dually:
• if N ∩ L 6= ∅ or H ∩M 6= ∅, then ¬ all above(L⊕M,J,H ∩M,N) is satisfied;
• if c ∈ H and N ∩ L = ∅, then ¬ all above(L⊕M,J,H ∩M,N) fails.
Lemma 8.21. (i) cgWCL(L⊕M,L∪J, P∪M,H,N) is equivalent to: cgWCL(M,J,M,H∩M, (N∪{c})∩M)
and ¬ all below(L⊕M,P,N ∩ L,H);
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(ii) cgWDCL(L ⊕ M,L ∪ J, P ∪ M,H,N) is equivalent to: cgWDCL(L,L, P, (H ∪ {c}) ∩ L,N ∩ L) and
¬ all above(L⊕M,J,H ∩M,N).
Proof. (i) cgWCL(L⊕M,L ∪ J, P ∪M,H,N) is the condition that {(p, n) ∈ (P ∪M)×N | L ∪ J ⊆ (p]L⊕M ∪
(n]L⊕M} = {(p, n) ∈ (P ∪M)×N | H ⊆ (p]L⊕M ∪ (n]L⊕M}, which is satisfied exactly when all of the following
four conditions are satisfied:
(a) {(p, n) ∈ P × (N ∩L) | L∪J ⊆ (p]L∪ (n]L} = {(p, n) ∈ P × (N ∩L) | H ⊆ (p]L∪ (n]L}, which is equivalent
to ¬ all below(L⊕M,P,N∩L,H) since the left hand side of this equality is ∅, because J * L and thus L∪J * L;
(b) {(p, n) ∈M × (N ∩M) | J ⊆ (p]M ∪ (n]M} = {(p, n) ∈M × (N ∩M) | H ∩M ⊆ (p]M ∪ (n]M};
(c) {(p, n) ∈ P × (N ∩M) | L ∪ J ⊆ (p]L ∪ (n]L⊕M} = {(p, n) ∈ P × (N ∩M) | H ⊆ (p]L ∪ (n]L⊕M}, which,
again since J * L, is equivalent to {n ∈ N ∩M | J ⊆ (n]M} = {n ∈ N ∩M | H ∩M ⊆ (n]M}, which in turn is
equivalent to {(p, n) ∈ {c} × (N ∩M) | J ⊆ (p]M ∪ (n]M} = {(p, n) ∈ {c} × (N ∩M) | H ∩M ⊆ (p]M ∪ (n]M},
which is implied by (b);
(d) {(p, n) ∈ M × (N ∩ L) | L ∪ J ⊆ (p]L⊕M ∪ (n]L} = {(p, n) ∈ M × (N ∩ L) | H ⊆ (p]L⊕M ∪ (n]L}, which,
again since J * L, is equivalent to {p ∈M | J ⊆ (p]M} = {p ∈M | H ∩M ⊆ (p]M}, which in turn is equivalent
to {(p, n) ∈M × {c} | L ∪ J ⊆ (p]M ∪ (n]M} = {(p, n) ∈M × {c} | H ⊆ (p]M ∪ (n]M}.
(b) and (d) together are equivalent to {(p, n) ∈ M × ((N ∩ M) ∪ {c}) | J ⊆ (p]M ∪ (n]M} = {(p, n) ∈
M × ((N ∩M) ∪ {c}) | H ∩M ⊆ (p]M ∪ (n]M}, which is exactly cgWCL(M,J,M,H ∩M, (N ∩M) ∪ {c}), and
we may notice that (N ∩M) ∪ {c} = (N ∪ {c}) ∩M .
Hence the equivalence in the enunciation.
(ii) By duality, from (i).
Remark 8.22. Note from Remark 7.19 that:
• ζM,H∩M,(N∪{c})∩M = ζM,H∩M,(N∩M)∪{c} = ζM,H∩M,N∩M ;
• ζL,(H∪{c})∩L,N∩L = ζL,(H∩L)∪{c},N∩L = ζL,H∩L,N∩L.
Proposition 8.23. If (H,N) ∈ Compat(L⊕M), then:
(i) ζL⊕M,H,N ∈ ConWCL(L⊕M, ·∆(L∪J)) iff: ζM,H∩M,N∩M ∈ ConWCL(M, ·∆J) and condition ¬ all below(L⊕
M,P,N ∩ L,H) is satisfied;
(ii) ζL⊕M,H,N ∈ ConWDCL(L⊕M, ·∇(P∪M)) iff: ζL,H∩L,N∩L ∈ ConWDCL(L, ·∇P ) and condition ¬ all above(L⊕
M,J,H ∩M,N) is satisfied.
Proof. By Lemma 8.21 and Proposition 7.7, (ii), along with Remark 8.22.
Corollary 8.24. Assume that (H,N) ∈ Compat(L⊕M). Then:
• if H∩M 6= ∅ or N∩L 6= ∅, then: ζL⊕M,H,N ∈ ConWCL(L⊕M, ·∆(L∪J)) iff ζM,H∩M,N∩M ∈ ConWCL(M, ·∆J );
• if c ∈ N and H ∩M = ∅, then ζL⊕M,H,N /∈ ConWCL(L⊕M, ·∆(L∪J));
• if N∩L 6= ∅ or H∩M 6= ∅, then: ζL⊕M,H,N ∈ ConWDCL(L⊕M, ·∇(P∪M)) iff ζL,H∩L,N∩L ∈ ConWDCL(L, ·∇P );
• if c ∈ H and N ∩ L = ∅, then ζL⊕M,H,N /∈ ConWDCL(L⊕M, ·∇(P∪M)).
Remark 8.25. If ζ ∈ Concplt(L⊕M), then, by the convexity of the congruence classes:
• if c ∈ Smi(M) and c+ = min(c+/ζ), then c = max(c/ζ);
• if c = min(c/ζ), then CoAt(L) ⊆ {max(x/ζ) | x ∈ L⊕M};
• if c ∈ Sji(M) and c− = max(c−/ζ), then c = min(c/ζ);
• if c = max(c/ζ), then At(M) ⊆ {min(x/ζ) | x ∈ L⊕M}.
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Thus all maximal contexts that complete lattice congruences of L ⊕M are associated to are of the form in
Proposition 8.17 (see Proposition 8.4).
Now assume that |L| > 2 and |M | > 2 and let K and Q be subsets of L⊞M .
Remark 8.26. Recall that Con01(L ⊞M) ∪ {(L ⊞M)2} ⊆ Con(L ⊞M) ⊆ Con01(L ⊞M) ∪ {eq(L \ {0},M \
{1}), eq(L \ {1},M \ {0}), (L⊞M)2} and Con01(L⊞M) = {α⊞ β | α ∈ Con01(L), β ∈ Con01(M)}.
Obviously, eq(L\{0},M\{1}) ∈ Concplt(L⊞M) iff 0 ∈ Smi(L) and 1 ∈ Sji(M), case in which, if we denote by
0+L the successor of 0 in L and by 1−M the predecessor of 1 inM , then eq(L\{0},M \{1}) = ζL⊞M,{0+L},{1−M}.
Similarly, eq(L\{1},M \{0}) ∈ Concplt(L⊞M) iff 1 ∈ Sji(L) and 0 ∈ Smi(M), case in which, if we denote by
1−L the predecessor of 1 in L and by 0+M the successor of 0 inM , then eq(L\{1},M \{0}) = ζL⊞M,{0+M},{1−L}.
Note that, for any bounded lattice A, since Con01(A) and Concplt(A) are complete sublattices of Con(A), so
is their intersection.
Now let α ∈ Con01(L) and β ∈ Con01(M). Then:
• α⊞ β = ζL⊞M,K,Q iff α = ζL,K∩L,Q∩L and β = ζM,K∩M,Q∩M ;
• so Concplt(L⊞M)∩Con01(L⊞M) = {α⊞β | α ∈ Concplt(L)∩Con01(L), β ∈ Concplt(M)∩Con01(M)} ∼=
(Concplt(L) ∩ Con01(L))× (Concplt(M) ∩ Con01(M)).
Lemma 8.27. Let h, n ∈ L⊞M .
• If h ∈ L \ {0}, then: hրL⊞M n iff either n ∈ CoAt(M) or n ∈ L and hրL n.
• If n ∈ L \ {1}, then: nցL⊞M h iff either h ∈ At(M) or h ∈ L and nցL h.
Proof. Routine.
Proposition 8.28. (K,Q) ∈ Compat(L⊞M) iff all the following conditions are satisfied:
• (K ∩ L,Q ∩ L) ∈ Compat(L);
• (K ∩M,Q ∩M) ∈ Compat(M);
• if (K ∩ L) \ {0} 6= ∅, then CoAt(M) ⊆ Q;
• if (K ∩M) \ {0} 6= ∅, then CoAt(L) ⊆ Q;
• if (N ∩ L) \ {1} 6= ∅, then At(M) ⊆ K;
• if (N ∩M) \ {1} 6= ∅, then At(L) ⊆ K.
Proof. By Lemma 8.27.
Corollary 8.29. If L ⊞ M has nontrivial weak complementations, then 1 ∈ Sji(L) ∩ Sji(M), and (K,Q) ∈
Compat(L⊞M) iff all the following conditions are satisfied:
• (K ∩ L,Q ∩ L) ∈ Compat(L);
• (K ∩M,Q ∩M) ∈ Compat(M);
• if K ∩ L 6= ∅, then 1−M ∈ Q;
• if K ∩M 6= ∅, then 1−L ∈ Q;
• if N ∩ L 6= ∅, then At(M) ⊆ K;
• if N ∩M 6= ∅, then At(L) ⊆ K.
Dually for the dual weak complementations.
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Proof. By Proposition 8.28 and Theorem 6.5.
Remark 8.30. By Theorem 6.5, if L ⊞M has nontrivial weak complementations, then 1 ∈ Sji(L) ∩ Sji(M)
and the only nontrivial weak complementation of L⊞M is ·∆G, where G = (1−L]L ∪ (1−M ]M . Clearly, for any
m,n ∈ L⊞M , G ⊆ (m]L⊞M ∪ (n]L⊞M iff either m = 1 or n = 1 or {m,n} = {1
−L, 1−M}.
Dually for the dual weak complementations.
Corollary 8.31. Assume that L⊞M has nontrivial weak complementations and let G = (1−L]L ∪ (1−M ]M . Let
(H,N) ∈ Compat(L) such that At(L) ⊆ H and 1−L ∈ N and (K,P ) ∈ Compat(M) such that At(M) ⊆ K and
1−M ∈ P . Then (H ∪K,N ∪ P ) ∈ Compat(L⊞M) and ζL⊞M,H∪K,N∪P ∈ ConWCL(L⊞M, ·
∆G).
Dually for the dual weak complementations.
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